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Variational methods

1. Introduction

In this paper we prove the existence and multiplicity of solutions for non-local integro-differential
equations in RN, whose prototype is given by

(=A)u +au=rw®ul2u —h®|u"?u inRY, (2))

where L € R, 0 <s <1, 2s < N and (—A)* is the fractional Laplacian operator. Up to normalization
factors, (—A)*u is defined pointwise for x in RN by
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1
(=D u()=—3

: f ux+y) +ux—y)—2ux) dy

|y|N+Zs ’
RN

along any rapidly decaying function u of class C*°(RM), see Lemma 3.5 of [18].
The nonlinear terms in (?,) are related to the main elliptic part by the request that

2 <q <min{r, 2%}, (1.1)

where 2* = 2N/(N — 2s) is the critical Sobolev exponent for H*(RN). The coefficient a is supposed to be

in LY° (RN) and to satisfy for a.a. x € RN

v(x) =max{a(x), (1+ |x|)’25}, ax) = kv(x), (1.2)
for some constant k € (0, 1]. The weight w verifies
wel?RY)NL (RY), withp=2%/(2"—q), o> g, (1.3)

while h is a positive weight of class Llloc (RN). Finally, h and w are related by the condition

rq1/(r—q)
/[\;v((;;)q ] dx=H cR™. (14)

RN
The main result of the paper is

Theorem 1.1. Under the above assumptions there exist A*, A** and A, with 0 < A* < A** < A such that
Eq. (£2,) admits

(i) only the trivial solution if A < A*;
(ii) a nontrivial non-negative entire solution if and only if 1 > A*;
(iii) at least two nontrivial non-negative entire solutions if A > A.

The definition of entire solution for (&7,), as well as the proof of Theorem 1.1(i), are given in
Section 2, after the introduction of the main solution space X. Some preliminary results for existence
are presented in Section 3 and in Appendix A. The proof of Theorem 1.1(ii) is discussed in Section 4,
while Theorem 1.1(iii) is proved in Section 5.

For standing wave solutions of fractional Schrédinger equations in RN we refer to [20,22,32,13,
28], [19, Section 5] and to the references therein. Models governed by unbounded potentials V are
investigated in [14] and in its recent extension [27]. All these papers, however, deal with problems
which are not directly comparable to (£?;). The present work is more related to the results on general
quasilinear elliptic problems given in [4]. Indeed, in [4], as a corollary of the main theorems, we
proved under (1.4) that there exists A* > 0 such that

—div(|VulP2Vu) +a@)[ulP?u = aw)|ul?%u — h®|u/"?u inRN,

N
1<p<Na max{25p}<q<min{rvp*}7 p*:Nipa ((5’)\)
—-p
admits at least a nontrivial non-negative entire solution if and only if A > A*. Theorem 1.1(ii) extends
Theorem A of [4] to non-local integro-differential equations. It would be interesting to understand if
A* = A** in Theorem 1.1. This possible gap does not rise in [4]. Indeed, if u is a solution of (&3) also
|u| is. The situation is more delicate for (7)), since the fractional Laplacian itself does not guarantee
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the same property. Hence, it remains an open problem to establish whether A* = A** in the non-local
setting.

The extension of Theorem A of [4] to (&7,) is not trivial and requires to overcome several diffi-
culties which arise in the new context. In particular, the proof of the main preliminary Theorem 4.2
needs a special care.

Furthermore, Theorem 1.1(iii) is a complete extension of Theorem B of [4] to the non-local equation
() and its proof is based on a new strategy.

For previous related results in the local setting and in bounded domains we refer to [3,2,15,23]
for the semilinear case and to [16] for the quasilinear case. We also refer to [24] for the semilinear
case in RN, Actually, for semilinear elliptic equations assumption (1.4) first appears in the existence
Theorem 1.1 of [2] for Dirichlet problems in bounded domains 2, see also [26] for quasilinear equa-
tions in RN, In the existence Theorem 1.2 of [2] Alama and Tarantello use the weaker assumption that
w(w/h)@=2/0= js in [N/2(2). 1t is still an open problem to produce nontrivial solutions of ()
when w(w/h)@=2/0=0 ¢ [N/2s(RN) replaces (1.4) and of (&) when w(w/h)@~P/¢=0 ¢ [N/P(RN),

In the last years a great attention has been devoted to the study of fractional and non-local prob-
lems. For example, some of the most recent contributions on the existence of positive solutions for
critical fractional Laplacian elliptic Dirichlet problems in bounded domains are given in [5], where the
effects of lower order perturbations are considered. Comparison and regularity results and a priori
estimates on the solutions of special fractional Laplacian elliptic boundary value problems in bounded
domains are presented in [17], via symmetrization techniques. For the existence, non-existence, mul-
tiplicity and bifurcation of solutions for square root Laplacian Dirichlet problems in bounded domains
with sign-changing weights we refer to [33]. A mountain pass theorem and applications to Dirichlet
problems in bounded domains involving non-local integro-differential operators of fractional Laplacian
type are given in [29]. Existence of positive solutions of concave-convex Dirichlet fractional Laplacian
problems in bounded domains is proved in [8].

However, the interest in non-local integro-differential problems goes beyond the mathematical
curiosity. Indeed, they have impressive applications in different fields, as the thin obstacle problem,
optimization, finance, phase transitions, stratified materials, anomalous diffusion, crystal dislocation,
deblurring and denoising of images, and so on. For further details we refer to [10,11,13,14,18,22,27,
30-32] and the references therein.

Theorem 1.1 continues to hold when (—A)Su in (£2,) is replaced by any non-local integro-
differential operator %k u, defined pointwise by

1
Lu® = -3 /[u(X+y) +ux—y) —2u@®]K(y)dy,
]RN

along any rapidly decaying function u of class C°°(RN), where the positive weight K : RN \ {0} - Rt
satisfies the main properties

(k1) gK e L'(RV), where g(x) = min{1, |x|?};
(ky) there exists y > 0 such that K(x) > y|x|~N*29 for all x e RN \ {0};
(k3) K(x) =K(—x) forallx e RN\ {0}.

Few details of the main changes, in passing from (—A)*u to Zxu in (&%), are given in Appendix B.
Of course .Zxu reduces to the fractional Laplace operator (—A)Su when K (x) = |x|~N+29),

2. Preliminaries and non-existence
Let DS(RN) denote the completion of g (RN) with respect to the Gagliardo norm

B u®) — u(y)? 12
[uls = </ W dxdy) .

R2N
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The embedding D (RN) < L2 (RN) is continuous, that is

llullz» < Co+[uls forallu e D¥(RY), (21)

where C%* =c(N) (51511:255)) by Theorem 1 of [25], see also Theorem 1 of [7]. The space E denotes the

completion of Cg° (RN) with respect to the norm

1/2
lullg = ([u]§+/v<x>|u|2dx) .

RN
Clearly, || - ||g is a Hilbertian norm induced by the inner product
u(x) —u vx) —v
(u,v)E:f/[ ) —u]-vx) —v(y)l dxdy+fv(x)u(x)v(x)dx
|X _ y|N+23
RZN ]RN

= (u7 V)S + (u’ V>V~

Finally, X is the completion of C§° (RN) with respect to the norm

1/2
lull = (lull? + ul2,)"?, where ||u||£,,,=/h(x)|u|fdx.
RN

From now on By will denote the ball in RN of center zero and radius R > 0.

Lemma 2.1. The embeddings X < E <> DS(RN) — 12" (RN) are continuous, with [u]s < ||lu|lg for all u € E
and ||u||g < |lul| forallu € X.

Moreover, for any R > 0 and p € [1, 2*) the embeddings E < <> LP(Bg) and X << LP(Bg) are com-
pact.

Proof. The first two embeddings of the chain X < E <> DS(RN) — [2"(RN) are obviously con-
tinuous, with [u]s < |u|lg for all u € E and |ju|lg < |Ju| for all u € X. The continuity of the third
embedding follows from (2.1), as recalled above.

Fix R > 0. By the first part of the lemma the embedding E < HS(Bg) is continuous, since 0 < k; <
v(x) < ko for a.a. x € Bg and for some positive numbers ki and k, depending only on R, being a €
Llo(fc(RN) by (1.2). The embedding H*(Bg) <><> LP(Bg) is compact for all p € [1,2*) by Corollary 7.2
of [18], and so the embeddings E << LP(Bg) and X <><> LP(Bg) are compact. O

From the structural assumptions (1.2)-(1.4) all the coefficients a, w, h in (£?,) are weights in RV,
We indicate with L2(RN,a) = (L2@RN,a), || - [2.0), LI®RN, w) = (LIRN, w), || - llq,w) and L'(RN, h) =
(L"(RN, h), || - Il-.n) the corresponding weighted Lebesgue spaces, which are uniformly convex Banach
spaces by Proposition A.6 of [4].

Lemma 2.2. The embedding DS(RN) < LI(RN, w) is continuous, with
lullgw < €wluls forallu e D(RN), (2.2)

and €, = Cp« ||w|\}p/q > 0. The embeddings
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E—< LR, w) and X< LI(RN, w)

are compact. Furthermore, for allu € E

Wl + ull3,q >k llullg. (23)
where k is given in (1.2).

Proof. By (1.3), (2.1) and Hélder's inequality, for all u € DS(RN),

1/pq o M :
||u||q,w<(/W(X)5"dX) ~</|u| dX) < Corllw |/ uls,
RN RN

that is, (2.2) holds.
In order to prove the last part of the lemma it is enough to show that E <><> LI(RN, w), that is,
that |lup — uflq,w — 0 as n — oo whenever u, — u in E. By Holder’s inequality,

1/
/w(x)lun—ulqu<M< / W(x)pdx) =o0(1)

RN\Bg RN\Bg

as R — oo, being w € L (RN) by (1.3) and M = sup,, |lu, — u||‘21* < oo. For all € > 0 there exists

Re > 0 so large that sup, fRN\BR w(x)|up — ul9dx < &/2. Moreover, by (1.3), Holder's inequality and
&

Lemma 2.1 as n — o0

/ w(X)|up — ul?dx < | Wl By, lun — ull?

/ =o(1 )
L7 9(Bg,) M

BRre

since o’q < 2*. Hence, there exists N, > 0 such that fBR w(x)|up — u|?dx < &/2 for all n > N,. In
&
conclusion, for all n > N,
llun — ulld w= / w()|up —u|Tdx + / w)|up —ulfdx <e,
RN\Bg, Bre

as required. Now, from (1.2) we directly get (2.3), being x € (0,1]. O

We say that u € X is a (weak) entire solution of (£?,) if

<U,<ﬂ)s+fa(x)u<pdx=)»/W(x)|u|q_2ugodx—/h(x)|u|r_2ug0dx (2.4)
RN RN RN
for all ¢ € X.

Hence the entire solutions of (4?,) correspond to the critical points of the C! energy functional
@, : X — R, defined by

1.5, 1 5 A 4 1
1) = 5[l + 5 G0 = G+ I
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see the next Lemma 3.4. Similarly, non-negative entire solutions of (?,) are the critical points of the
C! functional

1 1 A 1
Wy (u) = E[U]E + Enun%,a - a|!u+||3,w =l L%

well-defined for all u € X, see the next Lemma 3.4. Indeed, both u™ and u~ € X for all u € X, being
lutx) —ut )| < lux) —u(y)| and [u=(x) —u~(y)| < lu(x) —u(y)| for all x, y € RN. Furthermore, for
allue X

:/f u=(x)? +u"(y)? = 2u” ®u(y) dxdy

|X_y|N+25
R2N

since [ pon ;jjj;“;,g; dxdy = [[gon ﬁ(};fﬁg? dxdy. Therefore, if u € X is a critical point of ¥;, then by
(1.2)

O:(u,u’)s+/a(x)|u*|2dx+/h(x)|u*\rdx
RN

/ U= () —u" (M +2u”xut(y)

|X— |N+2$

dxdy+K||u_||;v

R2N

x||u—||E+2//” (X)wags) dxdy >0,

in other words u~ =0 in E, that is, the critical point u of ¥, is non-negative in RN,

Lemma 2.3.Ifu € X \ {0} and A € R satisfy

(W12 + ull o + lull] = Aluld w. (2.5)

then A > 0 and

A C7D lullg w < coA"209D, (2.6)
where

Clz(K/Qiﬁv)l/(q_z) and cz:[(r—q)Q:%vH/r/c]Uz.

Proof. Let u € X \ {0} and € R satisfy (2.5). Then 0 < i||ul|Z < Allu|l§.,» by (2.3), so that A > 0 and
moreover

2 2 2 )‘Q:%v q
Ul < € lullE < =2 ullgw (2.7)

by (2.2). Using Young’s inequality
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with t =hx)¥ ul9 >0, T = Aaw@hx) 9" >0, a =r/g>1and B=r/(r—q) > 1, we find

AW(X) r/(r—q)
q<
Awx)|ul? < h(x)lul + . (h(x)‘I/r) .

Integration over RN gives
q r—q _
Mg < Ul + ——= HA9, (2.8)

Thus, by (2.5) we obtain

—r r— r—
[l + Nl < Tl + T a0 < T pgrre-o,

being q < r. Hence, since u = 0 by assumption, the last inequality and (2.7) give (2.6), with ¢y and c;
as stated. O

If (%) admits a nontrivial entire solution u € X, then A > Ao by (2.6), where Ag = (c1/
)2-D@-2/40-2) - 0 Define

1* =sup{i > 0: () admits only the trivial solution for all 1 < 1}
Theorem 1.1(i) follows directly by the definition of A*. Similarly, put
’,;,x = sup{k > 0: (Z,) admits no nontrivial non-negative solution for all . < A}.
Clearly )‘% >A*>Xx0>0.
3. Preliminary results for existence
By the results of Section 2 from now on we consider only the case A > 0.

Lemma 3.1. The functionals @, and W, are coercive in X. In particular, any sequence (un), in X such that
either (®@; (up))n or (¥ (uy))y is bounded admits a weakly convergent subsequence in X.

Proof. Let us consider the following elementary inequality: for every ki, ko >0 and 0 <o <

o/ (B—t)
kit — kaltl? < Caphs <;—;> forallt e R, 31)

where Cypg > 0 is a constant depending only on « and B.
Taking k1 = Aw(x)/q, ko = h(x)/2r, @ =q, =7 and t = u(x) in (3.1), for all x e RN we have

W(X) ] 1/(r—q)

A q /(- q)[
qw(x)|u(x)| |u(x)| <Ch e

where C = Cqr[2r/q)% =9 /q. Integrating the above inequality over RN, we get by (1.4)
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1
q r
—llullgw — 5= llully , < Cas
q q,w 2r T,h =

where C, = CHA/(=9 > 0.
Therefore, by (2.3) for all u € X

1 5 1 5 Aog 1 . 1 ;
Dy (u) = s [uly + S llullz o — | = llullgw — IIUIIrh ool p + = lully
2 2 q 2r ’ r ’

Koo 1 K o5 1 2
> SlulE + ol =G> Sl + 5 (i, = 1) = G

min{x, r~1} 1
>———|ul* -G — —.
2 2r

Hence, @, is coercive in X. This implies at once that also ¥, is coercive in X, being ¥ (u) > @, (u)
for all u € X.

The last part of the claim follows at once by the coercivity of @, and ¥, and the reflexivity of the
space X, see Proposition A.l. O

Lemma 3.2. The functional ¥ : X — R, ¥ (u) = %[u]f, is convex and of class C1. In particular, ¥ is weakly
lower semicontinuous in X.

Proof. The convexity is trivial. Now, let (up)n, u € X be such that u, — u in X. Then clearly [u, —
u]s — 0 as n — oo. Consider the following elementary inequality ||t|2 — |7|%| <2(t—T|* +|T|- |t —T])
which is valid for all t, T € R. Applying this relation and Hoélder’s inequality, we have

- 2 _
@ un) — ¥ )| < / un @) — un I — 160 —uIF

| |N+2$ y
R2N

</ |un(®) — un(y) — ux) +u(y)?

|x_y|N+2s

dxdy
R2N

+// lu) —u(y)|- |un(x)—un(y)—u(x)+u(y)|

|X_y|N+25

R2N

< [un — ul? + [uls[up — uls = o(1)

as n — oo. This shows the continuity of ¥.
Moreover, ¥ is Gateaux-differentiable in X and for all u, ¢ € X

W' (W), ¢) = / [u) —u]-lpx) —ey)] dxdy = (U, ).

|X_y|N+23
R2N

Now, let (up)n, u € X be such that u, — u in X as n — oo. Of course
[ (un) ='Wy, = sup [(un —u, @)s| < [up —uls < fJup —ull,
peX
lol=1

that is, ¥ is of class C!, as claimed. Finally, ¥ is weakly lower semicontinuous in X by Corollary 3.9
of [9]. O
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For any (x,u) e RN x R put

fx,u) =aw@)|ul9%u — h()u| " u, (3.2)
so that
: A [ul"
F(x,u):/f(x, v)dv:aw(x)|u|q—h(x)7. (3.3)
0

Lemma 3.3. For any fixed u € X the functional F, : X — R, defined by
Fu(v) = / fx u)vx)dx,
RN
isin X'. In particular, if v, — v in X then Fy(vy) — Fu (V).
Proof. Take u € X. Clearly ., is linear. Moreover, using (2.2), we get for all v € X

| Fu ()] gk/w(x)|u|q_1|v|dx+/h(x)|u|r_1|v|dx
RN RN

q—1 -1 q—1 -1
< Mlullgw IVilgw + luly Iviies < (ACwllullgw + llully vl
and so Fy is continuous in X. O

In the next result we strongly use the assumption g > 2. An interesting open question occurs when
1<q <2 <r, cf. Theorem 2.1 of [3] for homogeneous Dirichlet problems in bounded domains of RN,

Lemma 3.4. The functionals @, and ¥, are of class C'(X) and @, is sequentially weakly lower semicontinu-
ousin X, thatis, if u, — u in X, then

@, (u) < liminf @, (uy). (3.4)
n—oo

Proof. Lemmas 3.2 and A.3-A.5 imply that @, and ¥, are of class C1(X). Let (up)n, u € X be such
that u, — u in X. The definition of &, and (3.2) give

1
@.(u) — @ (un) = o (W5 = [unl§ + 1l 4 = lunll3.0)

+ /[F(x, up) — F(x, u)] dx. (3.5)

RN

Since up — u in X, Lemmas 3.2 and A.3 imply that

2 . . 2 2 . . 2
[uly <liminflu,]; and |lull5 , <liminf|lug|l3 4.
n—oo ’ n—oo ’
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Hence, by (3.5)

lim sup[ @, (u) — @, (up)] < limsup /[F(x, up) — F(x,u)]dx. (3.6)
n—oo n—00
RN

By (3.2) and (3.3), for all t € [0, 1],
Fu(x,u+tuy —u) = f(x, u+t(u, —u))

t
= f(x,u) + (un —u)ffu(x,u—i-r(un—u))dt, (3.7)
0

where clearly
fu(,2) = 1@ = DWE)2I"% —h o — Dz,
Multiplying (3.7) by u, — u and integrating over [0, 1], we obtain

F(x,un) — F(x,u) = f(x, u)(un — u)
1

t
+ (uy — u)? /( fu(x u+ Ty —w) dr) dt. (3.8)
0

0

By (3.1), witht =z, ki =Awx)(q— 1), ko =h(x)(r —1), « =q—2>0and B =r—2 >0, we get

’

w(x)"/4 :| (q—2)/(r—q)

2/q
fulx,2) <2C1w(x) [h(x)

where Cq is a positive constant, depending only on g, r and 1. Consequently, (3.8) yields

/[F(x, up) — F(x,u)]dx < / fx, u)(uy —u)dx

RN RN
r/q1@—2)/(r—q)
+C]/W(x)2/q(un—u)2[W(X) j| dx
heo
RN
< / f )ty — wydx+ CrHO DMy, — w2 (39)
RN

by Hélder’s inequality and (1.4). Now, Lemma 3.3 gives

nlgl;o / fx,u)(uy, —u)dx=0, (3.10)
RN
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and Lemma 2.2 implies
lim [uy — ullgw =0. (3.11)
n—-oo

Combining (3.9)-(3.11) with (3.6) we get the claim (3.4). O

4. Existence if ) is large

Define

_ ) q q q
X = m}f( [—[u]?—i—EIIUH%’Q-F;”UH:,h}.

ue 2
llullg,w=1

Note that A > 0. Indeed, for any u € X with |[u|lq,w = 1, by Hélder’s inequality and (1.4), we have

w(x)
1= ||u||g’w :/ h( )q/rh(X)q/r|u|qu< H(r Q)/r”u”q
RN

Consequently, using also (2.3) and Lemma 2.1, we get

Ly R S S S @njas X Tya-nn,
—[u =|lu =|lu u H > — H
2[ 15+ 2|| 5.4+ rll I 2 || ||E+ 22 + =

where €, > 0 is given in (2.2). In other words,

PR S STICELTE
2e2, ' r

Lemma 4.1. For all A > X there exists a global nontrivial non-negative minimizer e € X of @, with negative
energy, that is ®@; (e) < 0. Furthermore, e is also a critical point of ¥ and ¥, (e) = @, (e) < 0.

Proof. For all A > 0 the functional @, is sequentially weakly lower semicontinuous, bounded below
and coercive in the reflexive Banach space X by Lemmas 3.1, 3.4 and Proposition A.1. Hence, Theo-
rem 6.1.1 of [6] implies that for all A > O there exists a global minimizer e € X of @, that is

D;.(e) = 1}2; D5 (v).

Clearly e is a solution of (&;). We prove that e # 0 whenever A > X, showing that inf,ex @5 (v) < 0.
Let A > A. Then there exists a function ¢ € X, with ||¢|lq,w =1, such that

q
Melgw=r> —([qﬂ] + lloll3 o)+ ;Ilwllﬁqh.
This can be rewritten as
1 A 1
2:(9) =5 (9 +119134) - 5||<o||3,w + -l <0

and consequently @, (e) =inf,cx @, (v) < &, (p) <O0.



G. Autuori, P. Pucci / J. Differential Equations 255 (2013) 2340-2362 2351

Hence, for any A > A Eq. (7)) has a nontrivial entire solution e € X such that &; (e) < 0. Finally,
we may assume e > 0 in RN, Indeed, |e| € X and ®,(le]) < D, (e), being [|u|]s < [u]s. This gives
@, (e) = D, (le]), due to the minimality of e.

The second part of the lemma is almost trivial, being @, (u) = ¥, (u) for all u € X, with u >0
in RN, so that e is also a nontrivial global minimizer of ¥, in X. O

Define

A = inf{x > 0: (£,) admits a nontrivial non-negative entire solution}.
Lemma 4.1 assures that this definition is meaningful and that A > A**.
Theorem 4.2. For any A > A*™* Eq. (7)) admits a nontrivial non-negative entire solution u, € X.

Proof. Fix A > A**. By definition of A** there exists ¢ € (A**, 1) such that @, has a nontrivial critical
point u, € X, with u, >0 in RN. Of course, u, is a subsolution for (). Consider the following
minimization problem

vier}\f/ldu(v), M={veX:v=>u,}

First note that M is closed and convex, and in turn also weakly closed. Moreover, as shown in the
proof of Lemma 4.1, Theorem 6.1.1 of [6] can be applied in X and so in the weakly closed set M.
Hence, @, attains its infimum in M, i.e. there exists u; > u,, such that @; (uy) = inf,cpq @i (V).

We claim that u, is a solution of (£%,), which is clearly non-negative. Indeed, take ¢ € CSO(RN)
and ¢ > 0. Put

Qe =max{0,u, —u, —e@p} >0 and ve=u; + ¢ + @,
so that v, € M. Of course

0 < (®](up), ve — up) = &(®L (un), @) + (D} (un), @),

and in turn

1
(@), ) (41)

(@] (1), @) > -

Since u, is a subsolution of (£%,) and ¢, > 0 we get that (@] (u,), ¢¢) <O0. In particular,

(@1 (u), 0e) = (@] (up), @e) + (@5 () — P} (up), @e) < (P} (u3) — D] (Up), Pe).

Define 2, = {x e RN: u; (%) + gp(x) < uu (%) < up(x)}. Clearly §2¢ is a subset of suppg. Put u =
u; —uy and

[ux) —u)] - [@e(x) — @e(¥)]

Ue(x,y) = X |V ,

so that
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<u,<ps>s=f Ue(x,y)dxdy + [ Ue(x,y)dxdy + / Ue (X, y)dxdy
2ex82 QEX(RN\QS) (RN\QS)XQE

= // U (x, y)dxdy + 2 // U (x,y)dxdy

§2¢ X 826 Qe x(RN\2;)

—s( // U (x,y)dxdy + 2 f/ %(x,y)dxdy)

$2¢ %82 Qe x (RN\£2;)
<26 // |% (x, y)| dxdy,
2 xRN

[u@—uWI-lp®—pW]
|x—y\N+25

where similarly % (x, y) = . Using the notation of (3.2), we get

‘f(f(X, up) = f(xup) (—u® — ep(x)) dx

<8/!f(x,ux)—f(x, uw)| - o] dx,
since 0 < —u — &g =uy, —u, + £l@| < €l| in £2¢. Therefore,

(@] ws). ¢e) < ( /f |7 (x. y)!dxdy—l—/a(x)u(x)|g0(x)|dx

¢ xRN ¢

+/|f(x, up) — fxoup)|- \qo(x}\dX).
2

Hence,

(@) ). @) < (/w<x>dx+z // | (x y)}dxdy) (42)

¢ xRN

where ¥ (x) = {a(u; —uy) + | f(x, un) — f(x,uy)l}@l. We claim that ¢ is in L'(supp ¢). Indeed, au;,

au, and also |f(x,u;) — f(x,uy)| are in LIOC(RN), being

|few) — Foxoup)| <aw@ @l +ul ) +heo () +ul ).

In fact, a € LN/%(supp @), since a € L (RN) by (1.2), so that by Hélder’s inequality

loc

25/N
/a(X)ude<ISUDp<p|”2*< / a(X)N/ZSdX> s ll2+ = C1 (43)
supp ¢ supp ¢

and C1 = Cq(supp ¢). Similarly, by Hélder’s inequality and (1.3), we obtain

-1 * —1
f woul ™ dx < supp |2 [wllplluslld ' = Co, (4.4)
supp ¢
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and C, = C(supp ). Finally, since h € L _(RN) and u; € L"(RN, h), then

1/r
fh(x)u;—ldm( / h(x)dx) lurlll ' =Cs, (4.5)

supp ¢ supp ¢

with C3 = C3(supp ¢). The estimates (4.3)-(4.5) hold also for u,. The claim is so proved.
We next show that

lin3+</w(x)dx+2 / |% (x, y)|dxdy>=0. (4.6)
$2¢

¢ xRN

Indeed, fgg Y (x)dx = o(1), since 2] — 0 as € — 0T, 2, C suppp and ¥ € L!(supp¢). Similarly,
X — D5(RN) by Lemma 2.1, so that

_ [upx) —up () —up(y) +up (M- [k — )] e L' (RN

%(X’ y) |X_y|N+25

Thus for all > 0 there exists R, so large that

// |% (x, y)|dxdy < n/2.

(supp ) x (RN\Bg,)

Since |2¢ x Bg,| — 0 as ¢ — 0 and % € L'(R?") then there exist 8, > 0 and &, > 0 such that for
all & € (0, &y]

|2¢ x Bg,| <8, and // |% (x, y)| dxdy <n/2.
QgXBRn
Therefore, for all ¢ € (0, &;]
// |% (x, y)| dxdy <,
¢ xRN

being 2. C supp ¢. Hence (4.6) holds.
In conclusion, by (4.1), (4.2) and (4.6) it follows that (@] (uy), ) >o(1) as & — 0t. Therefore,

(@] (up), @) >0 for all ¢ € CPRN), that is (@} (u3), @) = 0 for all ¢ € C*(RN). Since X = CF(RN)I'l,
we obtain that u; is a nontrivial non-negative solution of (£2,). O

Theorem 4.3. (&)« ) admits a nontrivial non-negative entire solution in X.

Proof. Let (1;), be a strictly decreasing sequence converging to A** and u, € X be a nontrivial non-
negative entire solution of (£),,). By (2.4) we get for all ¢ € X

<un,<p>s=fgn<pdx, (4.7)
RN
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where n > gp(x) = —a(X)un + AawWX)|un|92u, — h(x)|un|"2un. By (2.3)-(2.6) and the monotonicity
of (An)n, we obtain

2 q q, 141q/2(r—q)
K”“n”g"‘””n”?ﬁ < Anllunllgw < €A .

Therefore ([lunllg)n and (||uqll;n)n are bounded, and in turn also (||un|))n is bounded. By Lemma 2.2,
Propositions A.1, A.2 and the fact that LY(RV, w) and L"(RN, h) are uniformly convex Banach spaces
by Proposition A.6 of [4], it is possible to extract a subsequence, still relabeled (uy)y, satisfying

Up—u inX; up — u in LY(RN, w);
, . (4.8)
up =~ u inL"(RN, h); Up—u ae inRN,

for some u € X. Of course u >0 a.e. in RN and we claim that u is the solution we are looking for.
To this aim, first note that for all ¢ € X

(Un, @)s = (U, @)s, /W(X)Iunlq’zunwdxﬁ/W(X)Iulq’zusodx, (4.9)
RN RN

as n — oo, since u, — u in X and u, — u in LY(RN, w). Furthermore, Lemmas A.3 and A.5 yield in
particular the validity of (A.1) and (A.2) for all ¢ € X. In conclusion, passing to the limit in (4.7) as
n— oo, we get

(u,go)s=—/a(x)u(pdx+k**/w(x)|u|q_2u(pdx—/h(x)|u|r_2ucpdx
RN RN RN

for all ¢ € X, that is, u is a non-negative entire solution of ().
We finally claim that u 0. Indeed, [[u|lq,w = limp_ o llUnllq,w, Since u, — u in LI(RN, w) by (4.8).

Moreover, (2.6) applied to each uy, # 0 implies that |[uy|lg,w > clxl/(z“”, that is

. 1/2—q)
lullgw = lim [unllgw > ci (24 >0
n—o00

)

since Ap \(A™ and A** > 0. Hence u#£0. O

Theorems 4.2 and 4.3 guarantee that A** = A’&,A. In particular, for all A > A** the nontrivial non-
negative entire solution u € X constructed in Theorems 4.2 and 4.3 is a nontrivial critical point also
of W)L.

Proof of Theorem 1.1(ii). The existence of A** follows from Lemma 4.1 and clearly 0 < A* < A**. Now,
if (%) admits a nontrivial non-negative entire solution, then necessarily A > A** by definition of A**.
On the other hand, Theorems 4.2 and 4.3 assure that (£?,) admits a nontrivial non-negative entire
solution for all A > A**. O

5. Existence of a second nontrivial non-negative entire solution

In this section we prove Theorem 1.1(iii). In particular, we show that if A > X Eq. (£7,) admits
the nontrivial non-negative global minimizer e, constructed in Lemma 4.1, and a second independent
nontrivial non-negative entire solution u # e, via variational methods. We start by recalling a modifi-
cation of the mountain pass theorem of Ambrosetti and Rabinowitz, established in [4], which involves
two general Banach spaces X and E.
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Theorem 5.1. (See Theorem A.3 of [4].) Let (X, || - ||) and (E, || - ||g) be two Banach spaces such that X — E.
Let @ : X — R be a C! functional with @ (0) = 0. Suppose that there exist o, o« > 0 and e € X such that
llelle > 0, ®(e) < and ®(u) > « forall u € X with |ulg = o.

Then there exists a sequence (up), in X such that for alln

)

SN

1
c<Pup) <c+ =

L and o', <

where

c=}31€1£tr€r[13>1(J¢(y(t)) and I ={y € C([0,1]; X): y(0) =0, y(1) =e}.

The proof of Theorem 5.1 is based on the Ekeland variational principle, see for instance [21]. For a
similar generalization of the mountain pass theorem, obtained with a different proof and the use of
the Palais-Smale compactness condition, we refer to Theorem 2.5 of [12].

We now show that for all A > 0 the energy functional ¥, satisfies the geometrical structure of
Theorem 5.1.

Lemma 5.2. For any e € X \ {0} and X > O there exist ¢ € (0, |e|]|g) and o« = a (o) > 0 such that ¥, (u) > «
forallu € X, with ||u||g = 0.

Proof. Let u be in X. By (2.2) and (2.3)

K. 9 Ay o4q Koo Aog KA q-2 2
WA(U)EEHUHE—EHU }q!w2§|lullg—allullq,w> E_Eégv”u”]f lullz.

Therefore, it is enough to take 0 < o < min{(xq/22¢%)"/@=2 |ie|g}, so that & = (x/2 — A€%,0972/
q)0° > 0 satisfies the assertion. 0O

Proof of Theorem 1.1(iii). Lemma 4.1 shows that for all A > A there exists a nontrivial non-negative
entire solution e € X of (£2,), which is a global minimizer for @, in X. Hence e is also a global
minimizer for ¥ in X and ¥, (e) = @, (e) < 0.

Our aim now is to apply Theorem 5.1 to the functional ¥; in order to find a second nontrivial
non-negative entire solution of (42)), when A > A.

We recall that ¥, is of class C! by Lemmas 3.2 and A.3-A.5. Moreover, by Lemma 5.2 and Theo-
rem 5.1 for all A > A there exists a sequence (uy), in X such that

¥ @up) —c and @ )|, —0

as n — oo, where

c:yirelptrerllﬁjwk(y(r)) and I'={y €C([0,1]; X): y(0)=0, y(1) =e}.

By Lemma 3.1 the sequence (up), is bounded in X. From now on we can follow the argument of
the proof of Theorem 4.3. We report here the main differences. By Lemmas 2.1, 2.2, Propositions A.1,
A.2 and Propositions A.6, A.7 of [4] it is again possible to extract a subsequence, still relabeled (uy)n,
satisfying (4.8). Moreover, from (4.8) it follows also that ujt — u* in LY(RN, w) being |juf —u*|lgw <
llun — ullg,w. We shall next prove that u is a nontrivial non-negative entire solution of (27;), with

u#e.
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Clearly, for any ¢ € X
(Wi (un), @) = (un, @)s — / gy dx, (51)
RN

where here n+—> g,(x) = —a(X)un +Aw ) |uf |972ut — h(x)|un|"~?u,. Now,

(Un, P)s = (U, P)s, wolut "2 urgdx — | weolut|  ut g dx
@ @ |ug g @
RN RN

as n— oo, since up — u in X and u — ut in LIRN, w).
Moreover, Lemmas A.3 and A.5 give (A.1) and (A.2) for all ¢ € X. Hence, passing to the limit as
n— oo in (5.1), we have

(u,sﬂ)s+/a(x)u<pdx:k/w(x)]u+|q_2u+godx—/h(x)lulr’zuwdx
RN RN RN

for all ¢ € X, since (¥ (uy), @) — 0 as n — oo for all ¢ € X. In conclusion, u is a critical point for ¥;
and so u is a non-negative entire solution of (£7,). We claim that

lup —ull >0 asn— oo. (5.2)
First,
Tw (@) = / w(x)(|uf{|q_2u,;L - |u+|q_2u+)(u,1 —u)dx—0 (5.3)
RN
as n — oo. Indeed, u, — u in LI(RN, w) as stated in (4.8). Consequently, uf — ut in LYRN, w)

and so also |u;F[972uf — [ut|9 2ut in LY (RN, w) by Proposition A.8(ii) of [4]. Applying Hélder’s
inequality, we get

[T ] < [ "y = [ut ||

q/,W”un —ullgw — 0,

as n — oo. This completes the proof of (5.3).
Put Rp =71 (n) + Zy(n) + Z3(n), where

Tin)=[un—ul2 >0, o= us—ul3,>0,

I3(n) = / h(x) (Junl"2un — |ul™"2u) (up — u)dx > 0.
RN

Clearly (¥ (uy) — W, (u), up —u) — 0 as n — oo, since u, =~ u in X and ¥, (u;) — 0 in X" as n — oo.
Hence, by (5.3)

Rn= (lp)i(un) — ¥ (u), up — U) +1Jwm) =0(1)

as n — oo, so that
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2 1
lun —ullg <Zh(n) + ;Iz(n) =o(1) (5.4)
as n — oo by (1.2), and also as n — oo
llun —ully, <keZs(n) =o(1), (5.5)

thanks to Simon’s inequality |& — &|" < kr(|6]""2& — |50|""2&0) - (5 — &) valid for all £, & € R, being
r > 2. Clearly (5.4) and (5.5) imply the claim (5.2).

Since u, — u in X and ¥; € C1(X), we have ¥ (1) = ¢ = limy— oo ¥ (Un). Therefore, u is a sec-
ond independent nontrivial non-negative entire solution of (£2,), with ¥, (u) =c > 0 > ¥, (e). This
concludes the proof. O
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Appendix A

In the following proposition we show that the Banach space X defined in the Introduction is re-
flexive. We insert this result for completeness of the presentation, even if it could be fairly foreseeable.

Proposition A.1. The Banach space (X, || - ||) is reflexive.

Proof. We follow essentially the proof of Proposition A.11 of [4]. The product space Y = E x L'(RN, h),
endowed with the norm |lu|ly = |[ul|g + |[u|l; p, is a reflexive Banach space by Theorem 1.22(ii) of [1],
since E is a Hilbert space and L' (RN, h) is a uniformly convex Banach space by Proposition A.6 of [4].

The operator T : (X, || - |ly) — (Y, |- lly), T(u) = (u, u), is well defined, linear and isometric. There-
fore, T(X) is a closed subspace of the reflexive space Y, and so T(X) is reflexive by Theorem 1.21(ii)
of [1]. Consequently, (X, | - |ly) is reflexive, being isomorphic to a reflexive Banach space. Finally, we
conclude that also (X, || - ||) is reflexive, because reflexivity is preserved under equivalent norms. 0O

We present the next result for the main solution space X, even if it continues to hold also for the
larger space E.

Proposition A.2. Let (1), U € X be such that u, — u in X. Then, up to a subsequence, u, — u a.e. in RN.

Proof. Let (uy), and u be as in the statement. Then, u;, — u as n — oo in LP(Bg) for all R > 0 and
p €[1,2*%) by Lemma 2.1. In particular, in correspondence to R =1 we find a subsequence (u1)n
of (up)y such that u;, — u a.e. in By. Clearly u;, — u in X and so, in correspondence to R = 2,
there exists a subsequence (uz)n of (uq,n)n such that up, — u a.e. in By, and so on. The diagonal
subsequence (upn)n Of (un)n, constructed by induction, converges to u a.e. in RNasn—>oo. O

The next three lemmas provide regularity properties for the main functionals involved in @;
and ¥, defined in Section 2.

Lemma A.3. The functional &, : X — R, &4(u) = %||u||% o 1S convex, of class C'! and weakly lower semicon-

tinuous in X. Moreover, if (up)n, u € X and u, — u in X, then &/ (up) X @) (u) in X'.
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Proof. The convexity of @, is obvious. The embeddings X < E < L%(RN,v) < L%(RN,a) are con-
tinuous by (1.2), with |[u|l2¢ < |lu|]l for all u € X. Hence the functional @, is continuous in X.
Consequently, @, is weakly lower semicontinuous by Corollary 3.9 of [9].

Moreover, @, is Gateaux-differentiable in X and for all u, ¢ € X we have

(i), @)= / a(x)ue dx.
RN

Now, let (up)n, u € X be such that u, — u in X as n — oo. The embedding X — L?(RN,a) implies
that u, — u in L2(RN, a). Thus, for all ¢ € X

fa(x)ungodx—> /a(x)ugodx (A1)
RN RN
as n — oo, that is (@, (uy), ) — (P, (u), ¢), and so @/ (uy,) X @/ (u) in X', as claimed.

Let us prove that &, € C1(X). Fix (un)n, u € X, with u, — u in X. Hence u, — u in L2(RN,q).
Therefore, for all ¢ € X, with ||p| =1,

(@ (n) — Po(w), )| < llun — ull2,all@ll2.a < llun — ull2,q,

since ||@ll2.a < l@ll2,v < |l@| for all ¢ € X by (1.2). Therefore,

|4 (un) — D)

o <llun —ull2g— 0
as n — oo. In conclusion, @, is of class C1(X). O

Lemma A.4. The functional &, : X — R, &, (u) = %Hung_w, is convex, of class C! and weakly continuous
in X. Moreover, if (up)n, u € X and u, — u in X, then &}, (up) — &, (u) in X'.
Finally, the same properties hold for the functional @3}, (u) = % lut ||g,w.

Proof. First note that &,, is convex since q > 2. Moreover, by Lemma 2.2 and Theorem 3.10 of [9], we
also have that @,, is weakly continuous, so that in particular @,, is continuous in X. Furthermore,
@, is Gateaux-differentiable in X and for all u, ¢ € X

(@}, (W), )= / w@ul""?ug dx.
RN

Now, let (up)n, u € X be such that u, — u in X and fix ¢ € X, with |¢] = 1. By Lemma 2.2 and
Proposition A.8(ii) of [4], it follows that v, = |us|?2u, — v = |u|?"2u in L9 (RN, w). Therefore,

|<‘p1/,v(un) — @, (u), (P)| <lva = Vg wlellgw < Ewllva — vig,w

by (2.2). Hence,

|y n) — @, (W)

X/ <Cywlvap — V“q’,w,

that is @, (up) — @}, (u) in X'. In particular, this shows that @, is of class C1(X) and completes the
proof of the first part of the lemma.
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The last part is a direct consequence of the fact that if u, — u in X, then u, — u in LI(RN, w),
and so u;f — u™ in LIRN, w), being |u;f —ut| < |up —ul ae. in RN, O

Lemmas A.3 and A.4 continue to hold when X is replaced by E. Indeed, E < L*(RN,a) by (1.2)
and E <><> LI9(RN, w) by Lemma 2.2, so that all the functionals are well defined in E.
Lemma A.5. The functional @, : X — R, &p(u) = %||u||; u is convex, of class C! and weakly lower semicon-
tinuous in X. Moreover, if (un)n, u € X and up — u in X as n — oo, then @} (un) A @p (u)in X'
Proof. The convexity of @&y is obvious, being r > 2, while the continuity follows from the continuity
of the embedding X < L"(RN, h). Hence @}, is weakly lower semicontinuous in X by Corollary 3.9

of [9].
On the other hand, @, is Gateaux-differentiable in X and for all u, ¢ € X

(®p ), @)= / h(x)|ul"2ugpdx.
RN

Let (un)n, u € X be such that u, — u in X. Then, u, — u in L"(RN, h), and so v, = |u,|""2up — v =
[u|""2u in L” (RN, h) by Proposition A.8(ii) of [4]. Therefore,

@ (un) — @p )|, < SUI)J( Ve = vy n - I@lrn <IVa— Vi n=0(1)
pe
lell=1
as n — oo. This gives the C! regularity of &j,.
Suppose now that u, — u in X. Fix a subsequence (vp, ), of the sequence n— v, = [Unl™2upy.

Of course uy, — u in X and by Proposition A.2 there exists a further subsequence (“nkj)j such that

up, — u ae. in RN. Thus vy, — v = [u|""2u ae. in RN. On the other hand, (vp, );j is bounded in
J J J

L" RN, h), since ”V"kj ||;:h = ||unkj||:h and (“nkj)j is bounded in L"(RN,h). Consequently, Vi, =V

in L" RN, h) by Proposition A.8(i) of [4]. In conclusion, due to the arbitrariness of (vp, )k, the entire
sequence vy, — Vv in Lr'(RN, h) as n — oo. In particular for all p € X

/h(x)|un|r’2un(pdx—> /h(x)|u|r’2u(pdx (A.2)
RN RN
as n — oo. This gives the claim and completes the proof. O
Appendix B
In this section we present the few changes we need to prove Theorem 1.1, when Zxu replaces

(—=A)’u in (£) and K : RN\ {0} - R* satisfies the main properties (k;)-(k3) of the Introduction.
By (ky) for all ¢ € C°(RN) the function

x y) > [u@) —uy]- VKx—y) e *(R™).

Let us denote by D% (RN) the completion of g (RN) with respect to the Hilbertian norm

1/2
[uls.x = (//IU(x) —u(y)lzK(X—y)dxdy) :

R2N
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induced by the inner product

<kaK=f/har—ww]{wm—vwﬂ-Ka—yme.

R2N

Clearly the embedding D3 (RN) < D¥(RN) is continuous, being
[uls <y~ Y?[ulsx forallu e D5 (RN),

by (k2). Hence (2.1) holds for all u € D} (RN).
Let Ex denote the completion of C3° (RN) with respect to the Hilbertian norm

1/2
e i = ([l ¢ + ull?,)

)

induced by the inner product (u, v)g x = (u, v)s k + (u, v)y. Finally, Xk is the completion of C3°(]RN)
with respect to the norm

2 2 \1/2
lullk = (lullg « + lluly,)

’

and Xk is a reflexive Banach space, as it can be shown adapting the proof of Proposition A.1.
By the above remarks and Lemma 2.1 it is clear that the embeddings Xx < Ex — D§< (RNy —

L% (RN) are continuous, with [uls,k < llullg, for all u € Ex and |lullg, < |lullx for all u € Xk, and that
for any R > 0 and p € [1,2*) the embeddings Ex << LP(Bg) and Xy << LP(Bg) are compact.
Similarly, by Lemma 2.2 the embeddings Ex <—><> LI(RN, w) and Xy —><> LI(RN, w) are compact,
and

2 2 2
[ ¢ + lulld = cllull?,

for all u € Eg, where « is given in (1.2).
A (weak) entire solution of

Zxu+a@u=rw®ul9%u —h@ul2u inRN (L)
is a function u € Xk such that
(u, )s.x + / a(x)u@dx =X / w)|ul92updx — / h(x)|u|"2uqpdx
RN RN RN

for all ¢ € Xg. Actually the entire solutions of (£,) correspond to the critical points of the energy
functional ., : Xy — R, defined by

1 1 A 1
fﬁ@ziwﬁk+5wﬁﬂ—?wﬂw+;wmﬂ

Similarly, we can prove that non-negative entire solutions of (£;) are exactly the critical points of the
functional

T T
/A(u)=E[U]S,K‘i‘E”UHz,a—a”u ||q,w+?”u”;,h’

well-defined for all u € Xk, just adapting the previous argument of Section 2, using now (k3).
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Following the proof of Lemma 2.3 it is clear that if u € Xg \ {0} and A € R satisfy

2 2 q
[l + llully o + lully ), = Allullgw.

then » > 0 and (2.6) continues to hold. Therefore, if (£;) admits a nontrivial entire solution
u e Xy, then 1 > rg = (c1/cp)?~9@=2/a0=2) - 0, where now in ¢; and c; the constant ¢, =

y~12Co |w)/? > 0. The crucial numbers

& =sup{r > 0: (L) admits only the trivial solution for all jx < 1},

}\:ﬂ = sup{k > 0: (£,,) admits no nontrivial non-negative solution for all u < k}

are well defined and A}A > Mg = ho>0.

Lemmas 3.1-3.4, Proposition A.2, Lemmas A.3-A.5 and Lemma 4.1 continue to hold for .%, _#;
and Xk in place of @,, ¥, and X. Clearly, now

_ . q 2 q 2 q
fr= inf {E[u]s’,{ +5lulze + F“u”;,h} >0,
lullg.w=1

Ag = inf{k > 0: (L£,) admits a nontrivial non-negative entire solution},

and )»7(* < XI(.

The main proof of the fact that for any A > A¥* Eq. (£;) admits a nontrivial non-negative entire
solution u) € Xk follows word by word, with obvious changes in notation, from the proof of Theo-
rem 4.2. Indeed, the key inequalities involving

Ue(x.y) = [u@®) —u)] - [@e®) —pN] - K(x—y),
wx,y)=[u@ —u@] [e® —eW] Kx—y)

follow by (k3) and the fact that % e L'(R?), being Xx <> D5 (RN). Moreover, the proof that (Laz)
admits a nontrivial non-negative entire solution in Xk can proceed as in Theorem 4.3, with obvious
changes.

Finally, it goes without saying that the entire Section 5 continues to hold when _#;, Xk and Eg
replace ¥,, X and E.

Therefore, under the structural assumptions of the Introduction and (kq)-(k3) there exist A}, Ag*
and kg, with 0 < A% <A < Ak, such that (£;) admits

(i) only the trivial solution if . < A% ;
(ii) a nontrivial non-negative entire solution if and only if A > A}*;
(iii) at least two nontrivial non-negative entire solutions if A > Ag.
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