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Abstract

We study the problem of the motion of a particle on a non-flat billiard. The particle is
subject to the gravity and to a small amplitude periodic (or almost periodic) forcing and
is reflected with respect to the normal axis when it hits the boundary of the billiard. We
prove that the unperturbed problem has an impact homoclinic orbit and give a Melnikov
type condition so that the perturbed problem exhibit chaotic behavior in the sense of Smale’s
horseshoe.
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1 Introduction

Impact conditions naturally appear in several interesting mechanical systems. For example an
inverted pendulum impacting on rigid walls under external periodic excitation is studied in [8],
a Duffing vibro-impact oscillator in [16] and other interesting impact models emerge from un-
derstanding the dynamics of rigid blocks [11,14]. Many more stimulating examples of impact
oscillators are given in books [3,4,6,9,12,13] where different numerical and analytical methods are
described to study their dynamics.

Besides the above examples, there is a broad variety of impact systems represented by billiards.
A billiard is essentially given by a convex domain 2 C R? with piecewise smooth boundary and
a particle on it whose motion follows the usual Newton laws of dynamics until it reaches the

* This paper is dedicated to Judita whose light has been suddenly switched off at the early age of 23 years

tPartially supported by PRIN-MURST Equazioni Differenziali Ordinarie e Applicazioni and GNAMPA-INdAM

tPartially supported by PRIN-MURST, Grant VEGA-MS 1/0507/11, VEGA-SAV 2/0029/13 and by the Slovak
Research and Development Agency under the contract No. APVV-0134-10



2 Flaviano Battelli and Michal Feckan

boundary of €2 at which points it is reflected in the opposite direction with respect to the normal
to the boundary at that point, keeping the same scalar velocity. Of course we only consider
trajectories hitting the boundary of € at its regular points. The theory of flat billiards is by
now classical and very well developed. We refer the reader to [5] for more details and references.
However, other kinds of billiards are also studied. According to [10], for example, a billiard in a
broad sense is the geodesic flow on a Riemannian manifold with boundary.

In this paper we consider such a different kind of billiards: the dynamics of the particle evolves
on a surface in R3, it has unitary mass and is subject to the gravity and an almost periodic forcing
alone. Of course, as on alternative view, such a dynamics may also model a particle moving on a
flat billiard immersed in a magnetic field.

The surface is described by a graph z = f(z,y) of a function f € C° (RZ,R), flz,y) >0
and (x,y) € Q. The particle is forced to remain in the surface in the sense that, each time
it hits the boundary of § := {(z,y,2) | (z,y) € Q,z = f(x,y)} it is reflected in the opposite
direction with respect to the normal. By normal here we mean a vector 7 in the tangent plane to
S which is orthogonal to the tangent vector to dS at the point of dS. To be more precise, suppose
(z(s),y(s), f(x(s),y(s))) is a parametric representation of S then 7 is orthogonal to the tangent
vector to 8S: T = (2/(s),y'(s), ' (s) fu(x(s), y(s)) + y'(s) fy(z(s),y(s))) and to the normal vector
to the surface z = f(z,4): B = (—fo(z(s),y(s)), —fy(z(s),y(s)),1). So i = BAT. For example
if, as we assume in this paper, f(x,y) = 0 in a neighborhood of the boundary 912, then:

—y'(s)
n= 1 2/'(s)
0

Using D’Alembert principle the equation of motion of the particle without an almost periodic
forcing, in S\ 9§ is given by [7, p. 662]

&= Az(z,y)
§=Ay(z,y) (L.1)
Z=-A—g

where g is the gravitation constant. The constraint z(t) = f(z(¢),y(t)) and equation (1.1) give

“A—g=Zi= )‘fx(fvvy)2 + f:z:zftQ + 2fmy(xvy)$y + fyy(‘rvy)y2 + Afy(xvy)2»

which implies _ _
9 H ) (5).(3)) w2)
1+ VfI? ’ '
where V f and Hy is the gradient and Hessian of f, respectively. We note that V f = f"*, which we
use several times in our paper. As a consequence the problem is reduced to study the behaviour
of solutions of an almost periodic perturbation of the following unperturbed differential equation
on Q= {(z,y) |z >0,0<y<ztanS}:

T = )\fI(‘r7y)
i = My (1) (13)

where A = \(z,y,2,9) is as in (1.2), and z = f(z,y), together with the requirement that, when
(z(t),y(t)) € 0Q then (&(t), y(t)) is reflected with respect to the normal to 9 at (x(t), y(t)). Hence
the solution of (1.1) is forced to remain in €.

We emphasize that the main purpose of this paper is to introduce a new class of impact
systems modeled by nonlinear billiards with chaotic behaviour. So instead of a gravitational force,
we could consider other force fields acting on the particle under which it is moving inside Q. In
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this paper, we consider the gravitational field since we think that this problem is interesting itself
and in addition, it is rather sophisticated for showing all difficulties of technical computations and
theoretical background.

To continue, given the messy nature of equation (1.2), we assume

flay) =F ((z - a)®+ (y —0)*) (1.4)

with a > 0, 0 < b < atanf, 0 < 8 < %, and F is a C° function in [0,00) whose support is

contained in an interval [0,73] with ro > 0 sufficiently small that the closed ball B((a,b),0) is
contained in € and such that F < 0 with F'(0) < 0.

Example 1.1. For illustration, as a concrete example, we take a = cos § = 73, b=sing = %,
B=7%and F(r) = (1-16r)% for 0 <r <7 = and F(r) =0 for r > £.

Figure 1: The graph of f(z,y) in this concrete case on 0 < z < 1.2 and 0 < y < min{v/3z, 1}.

The plan of this paper is as follows. In Section 2 we will prove that, if r¢ is sufficiently small
then equation (1.3) has an impact homoclinic solution that satisfies assumptions (H1) — (H3)
in [2]. Then in Section 3 we construct the Melnikov function associated to the almost periodic
perturbation. Section 4 contains our main result that is obtained by an application of [2, Theorem
4.2]. Finally, in Section 5, we give another method for computing the Melnikov function that does
not make use of first integrals of unperturbed system.

Certainly our method can be extended to other kind of domains 2 as, for example, triangles
or other convex subsets of R? and to homoclinic solutions of the unperturbed systems with more
impacts. However, for sake of simplicity, here we study homoclinic solutions with two impacts (see
Figure 3).

2 Homoclinic impact solutions
Passing to polar coordinates around the point (a,b), i.e. taking

xr=a+pcosp, y=>b+psiny (2.1)
we get f(x,y) = F(p?) and then

Vi(z,y) =2F (") (37%)

z—a)? z—a)(y—>b
Hy(w,y) = 2F (A1 4+ 4F"(p?) ([ 0r (o))
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that is ) )
fu(z,y) = 2F" (p°) peos,  fy(z,y) = 2F" (p*) psing
foo(@,y) = 2F' (p*) + 4F" (p?) p° cos® i,
fuy(,y) = 4F" (%) p? cos psingp,
fyy(@,y) = 2F (p%) +4F" () p* sin® .
From (1.2) it follows

7g—|-2F' (p2) (,02<,02+p2)+4,02p2F” (p2>

— 2 -2 -2Y .
A=A(p% 0% ¢%) = L 42 F (2)

and (1.1) reads

—sing (29p + pp) + cos o (—pp® + ) = 2X (p%, p%, &%) F' (p?) peos
cos ¢ (2¢p + p@) + sing (—pp® + p) = 2 (0%, p*, &%) F' (p°) psin .

Since these equations holds for any value of (p, ¢) we get, equating coefficients of cos ¢ and sin ¢:

{ p—pp® =2X(p*, 0% &%) F' (p*) p (2.4)
205 + pp = 0.

Clearly the second equation in (2.4) is equivalent to
pp’ =c (2.5)

for a constant ¢ € R. Since we are looking for a solution such that lim;_, 4o p(t)? + p(t)> = 0 and
p(t) > 0 we see that ¢ =0 in (2.5) and hence ¢(t) = 0. So (2.4) has the form

p=2X(p* 0%, 0) F' (p*) p (2.6)

and ¢ = 0 (i.e. ¢ = constant). Hence the projection onto the (z,y) plane of impact homoclinic
solutions of (1.1) evolve along straight lines in some intervals such as |—oo, t5] and [t}, oo[. Changing
t with —t, if needed, we may assume that ¢ and t5 are such that y(¢7) = 0 and (x(t), y(¢t)) € Q for
any t < t7 and y(¢3) = z(t3)tan 8 = 0 and (z(¢),y(t)) € Q for any ¢t > t5. So for either ¢ < ¢} or
t > t5 we have

2(t) = a+ plt) cose

y(t) = b+ p(t)sine

where ¢ is constant and p(t) is a solution of (2.6) such that lim; , 1. p(tf) = 0. Moreover at t = ¢}
or t = t3 the solution is reflected so that ¢((t3)™) = —y((t7)~) and

A8 - )

and Mg is the matrix of the reflection with respect to the line y = xtan g i.e.:

Ma— cos28  sin2p
B~ \sin28 —cos28)"

As a first step we look then for solutions of (2.6) such that lim; .. p(t) = 0. Setting r = p?
and w = p? (2.6) reads
7= 2pp
w = 4ppA(r,w,0)F'(r)
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so that 2% = 2X\(r,w,0)F’(r). Hence we look for solutions of (2.6) of the form p? = w(p?) with
w(0) = 0. We have seen that such a function w(r) satisfies

29F"(r)

B _4F’(r) +2rF"(r) _, B
N 14+ 4rF'(r)?

T arEe e

1 _ F'(r)+2rF" (1)
log TrarF (1)° Ao F

together with w(0) = 0. Since & (r), we obtain
29 (F(0) = F(r))

W) = L)

or

_ 29(F(0) = F(p)
1+ 4p2F'(p2)2
Since F’ < 0 with F’(0) < 0, we get F'(0) — F(r) > 0 for any r > 0 and so p # 0 for any t € [t5, o0].
As a consequence p(t) < 0 for any ¢ in the same interval and

:_¢wumn—ﬂw»
14+ 4p2F/(p2)2 :

Then we obtain the following equation for r = p?:

_ | BaRr) 2.7
1+ 4rF'(r)? "\ T arF ()2 27)

¢:_¢wmmm—F0»_ 89 ()
where F(0) — F(r) = rH(r), H € C*(]0,0), (0,00)). Since F(r) < F(0) for any r > 0 we see that
equation (2.7) does not have fixed points in {r > 0} and 7 < 0. So a solution of (2.7) starting from
a given r* > 0 is defined on [0, 00) and its w—limit set is 7 = 0. Next u(t) = r(—t) satisfies

. 8gH (u)
t=u TT duF (a2 (2.8)

and then r(—t) is strictly increasing and positive. As a consequence at a certain time t it will
result r(—tg) = r2 but then for t > tg, u(t) = r(—t) satisfies:

= +/8gF(0)u

with u(tg) = 73. Hence r(—t) exists for any ¢ > 0 and satisfies tlim r(—t) = +00. As a consequence
— 00

the a—limit set of any solution of (2.7) starting from a positive r* is +0c0. So, any solution of (2.7)
starting from r* > 0 is strictly decreasing and satisfies:

7 () =20

lim r(t) =0.

t—+o0
Let ro(t) be any (fixed) positive solution of (2.7). Then any other positive solution of equation
(2.7) is obtained from ro(t) by a time shift r1(t) = ro(t+1¢1), t1 satisfying 7o (¢1) = r1(0). Moreover,
ro(—t) solves equation (2.8). We set

po(t) = \/7o(t).

po(t) is a decreasing positive function such that

lim po(t) =0, im po(t) = +oo

t—o0
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hence p(t) takes all positive values once when t varies in R and for any given (x,y) € Q\ {(a,b)},
there exists a unique solution ¢ = ¢, , of

poltay) = V(x —a)? + (y — b)?

So we have stable and unstable solutions:

po(t + tw,y)

V(T —a)?+(y—b)?

vs(t, z,y) = (a,b) + (x—a,y—>b) t>0 (2.9)

and
Po (tw,y - t)

V(e —a)?+(y - b)
of equation (1.3) with v5,(0,z,y) = (z,y).

We recall that we have chosen F so that its support is a subset of the interval [0, 73] where
ro > 0 is chosen so that the closed ball with radius ro and center at (a,b) is contained in the

interior of . As a consequence the dynamics in Q\ B((a,b), 7o) (where F(p?) = 0) is governed by
the equation:

Yu(t, z,y) = (a,b) + 2(9c—a,y—b) t<o0 (2.10)

b’_ﬁpcﬁ" =0
20p+ pp =0

that on account of (2.1), is equivalent to

So, if (o, Yo, Z0, Yo) are the initial values of the solution we have

(z(t) — 20)90 = (y(t) — yo)Zo

that is: in Q\ B((a,b),ro) solutions evolve along straight lines.

Summarizing we have seen that, if the support of f(x,y) := F(p?), p*> = (v —a)? + (y — b)?), is
contained in the ball B := B((a,b), rg) with ro sufficiently small, then impact homoclinic solutions
evolve on straight lines. Impact homoclinic orbits are then constructed as follows. We draw a
straight line from (a, b) until it reaches the z—axis y = 0. From the intersection point we start a
new straight line in Q2 making a symmetric angle with the normal to y = 0 at this intersection point,
until it reaches the line y = x tan 8 where we repeat the procedure. We obtain a homoclinic orbit
if and only if this last straight line passes through the fixed point (a,b). Because of the symmetry
this condition is equivalent to the following geometric construction. We take the symmetric points

D

S
Figure 2: The impact homoclinic orbit (in solid red) and its construction using symmetries

of P = (a,b) with respect to the lines y = 0 and y = xtan 8 and join them with a straight line
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(see Figure 1). The impact points of the homoclinic orbit are the intersections A and B of these
lines with the lines y = 0 and y = z tan 8 and the orbit of the homoclinic solution is represented
by the triangle whose vertex are A, B and the fixed point (a,b). Note that in order that this is
the homoclinic orbit we also need than the closure of the ball B((a,b),ro) should not intersect the
segment AB.

This construction should convince the reader of the uniqueness of the impact homoclinic orbit.
Moreover it makes it clear why we need to take the edges of the billiard non orthogonal. In fact,
if the impact lines are orthogonal, the line through the symmetric points of (a,b) with respect to
the orthogonal axis passes through the origin and then we do not have impacts. Even worse is
the case § < 8 < 7 as the reader can easily verify. Since solutions of (1.3) that belong to a small
neighborhood of the homoclinic orbit take approximately the same time as the homoclinic orbit
between the lines y = 0 and y = xtan 3 we will forget this branch of the solutions and restrict
our attention to the branches tending to the fixed point. So we define a map R from the manifold
{(z,0,u,v) | z > 0,u < 0,v < 0} (corresponding to the manifold of intersection points of solutions
of (1.3) with the line y = 0) into the manifold {(z,z tan8,u,v)} that takes the above reflections
and translation into account. This map is the combination of the following: first we reflect the
velocity with respect to the axis y = 0, then we move linearly along this direction until we reach
the manifold y = = tan 8 where we take the reflection with respect to x+ytan f = 0. Summarizing,
starting from the point (x,0,wu,v) with > 0, u < 0, v < 0, first we take the first reflection to get
the point (z,0,u, —v); next we consider the intersection of the half-line (z + su, —sv), s > 0 with
the half-line y = xtan 8, > 0. Thus we solve (xz + su)tan 8 = —sv to get s = —ztanf and the

v+utan 37
intersection point is
xv xvtan
v+utan B v +utanf )’

Since there is no force acting on the ball during this part of the trajectory the particle reaches the

zv zv tan 8
v+utan 87 v+utan B

reflection along the line y = ztan g, is

() = ucos2f —vsin2p
B\=v) = \wcos28 +usin28/ "

intersection point ( ) with speed (u, —v). So the velocity of the particle after the

Summarizing, we get

TV xvtan S
v+utanB’ v+ utan S

R(z,0,u,v) = ( ,ucosQﬂ—vsinQﬁ,vcosQﬁ+usin2ﬂ>

for x > 0, u < 0, v < 0. Now we look for such an array starting from (a,b) which after the above
reflections passes true this point (a,b). As we have seen the reflecting points of such an orbit are
obtained as follows: we reflect (a,b) with respect to y = 0 to get P, := (a,—b) and also with
respect y = tan Sz, to get Py := (acos2f + bsin28, —bcos 28 + asin283). The reflecting points are
the intersection of the lines y = 0 and y = x tan § with the segment connecting P; and Ps:

Sap = {s(a, —b)+ (1 —s) (acos28 + bsin28, —bcos 28 + asin2p) | s € [0, 1]}

The first intersection point is given by

(2.11)

2 b2
IIZSa,bﬁ{y:05$>O}:<<a+ )0085 )

acos 3+ bsin 3’

for s = 2acosf-beosafescl yyging g > heot B we derive 2acos 8 — beos2B cse B > 2bceot B cos B —

2a cos f+2bsin B
bcos2BcscS =bescf > 0. Next we have 1 — 51 = 2“0:;8% > 0. Hence 0 < 51 < 1.
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The second intersection point is given by

(2.12)

2 b2 2 2 b2 :
Iy = Sup {y = 2 tan Bz > 0) ((a + a)cos 67((1 + )acosﬂsmﬁ>

for sy = %. Clearly 0 < so < 1.

Next, it is elementary to see that the distance of the point (a,b) from the segment S, is

%\/%Osm and from the line y = ztan 3 is asin 8 — bcos 3. So we suppose that

. [2b(asinB —bcosB) . }
ro < min ,asinf —bcos 3,0 p . 2.13
o <oin g b 21
In Example 1.1, we have ry = i and the above r.h.s. equals %

Next shift time in such a way that po(0) = ro. Then, for ¢ < 0, po(t) = —4/2¢gF(0) and so
po(t) = ro — t\/2gF(0). Now, our impact homoclinic orbit must be of the form:

| v(tx,y) fort<0
7(t){ vs(t,z,y) fort >0

where (z,y) has to be chosen so that
Yu(0,2,y) =11 and  7,(0,2,y) = I>.
The first equality is equivalent to solve, for ¢, the equation

o) =l = (o) Il = b e

and, similarly, the second is equivalent to solve

Va2 + b?(asin B — beos 3)

a

po(t) =12 — (%)l =

Since |11 — (%) ]| > ro and ||[Io — (%) || > 7o, the two equations have, respectively, the solutions:

 bar+? -0
acos 3+ bsin 3

1
t7 =
(a.b) 29F(0)

. ~/a2 2
since —2Ya£b" b and

acos B+bsin 3
1 21 2
t(flb): TO—W(aSinﬁ—bcosﬂ) <0
’ 2gF(0) a

since 7“‘?!’2 (asin B —bcos3) > asin 8 — beos f. So the impact homoclinic solution is:

a po(t—a, —t) ( asin B—bcos
7_(t) ::(b)_ﬁ (acos%+bsin,§) for t<0
2 () = (214)

po(t(t;,b)""” asin B+bcos B
)_ VaZ1b2 (bsinﬁ—acosﬂ) for ¢>0

2
+
—~
~
~—
|
—~
(S

In Figure 3 we draw the homoclinic orbit (y(¢), f(v(¢)) of (1.1) when F(r) is as in Example 1.1.

For such a function we have indeed ti b) = —0.0739158.
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Figure 3: Impact homoclinic orbit for Figure 1.

Recall
p0 (taw) =11 = (@B, po (i) = 112 = (@Bl
0 (trany) = b0 (ty) = —V/29F 0. (2.15)
o (t@b)) = jo (t?;,b)) =0.
Hence

— . v/ 29F(0) bcos f—asin 8
- (0) - Il: V- (0) (—acosﬁ—bsinﬁ) (2 16)
: b cos a sin
T+ (0) = IQa T+ (O) = Vaz o2 (—acofg_—i-bsinﬁﬁ) :

It is easy to check that it actually holds

R(7-(0),7-(0)) = (74(0),7+(0)) -

Now we verify assumptions (H1)—(H3) from [2]. To this end, we rewrite (1.3) as the first order
ODE
T1 = T2
Y1 =Y2
. 2.17
Ly = Afa(21,91) (2.17)
Y2 = Afy(z1,91)

in Q_ := {(z1,y1,22,92) | 11 > 0, 0 < y; < x1tanB}. Then E := (a,b,0,0) is an equilibrium of
(2.17) and (y(t),¥(t)), where y(t) is the function defined in (2.14), is an impact homoclinic orbit
to E of (2.17). The linearization of (2.17) in E is

Uy = Ug
U1 = Vg
'1:62 = —2gF/(0)7.L1
Uy = —2¢gF"(0)v;.

Since F’(0) < 0 we see that E is a hyperbolic equilibrium of (2.17) with 2-dimensional stable
and unstable manifolds W* and W*. In fact the Jacobian matrix at (a,b,0,0) has the double
eigenvalues Fpu, p = 1/2g|F’(0)| with stable and unstable spaces given resp. by:

(£ (1)) rmam{() (D)
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Hence [2, (H1)] holds. Next we have G(z1,y1,%2,y2) = y1(y1 — x1 tan 8) and then (we recall that
VG(21,91,72,92) = G' (21,91, T2, y2)")

Gl($1791,$2yy2) = (_yl tan572y1 — 1 tan67070)

from which it follows:

a2 + b2
G'(7-(0),5-(0)) = (0, “acosF 1 bsmB Sinﬂ,O,O) .

So, using also (2.11), (2.12) and (2.16):

2970 (beos B—asin B)

G'(7-(0),%_(0)) | -V 2552 (acos B+bsinB) | = /2gF(0)(a2 + b2)sin 3
M)

Similarly we get:

247 (0)

P (bcos B+asin B)

@' (74(0),44(0)) | —\/ 2 acos s=bsin) | = —\/2gF(0)(a? + 02 sin 3
Az (I2)
Afy(I2)

which proves [2, (H2)] .
Next, we know that (v_(0),4_(0)) € W* and, from equation (2.10) we also know that:

(#,79,u,0) € W"if and only if (Z,7) = vu(t, z,y) and (@, 0) = Y. (t, z,y)

where 7, (t,z,y) are the functions given by equation (2.10). Of course, to describe completely the
unstable manifold we do not need to let (z,y) vary in a complete neighborhood of (a,b) since
T—a y—b
Va2 o a) + (b7
centered at (a,b). In other words we can describe W* by letting t vary and taking (u,v) =

belongs to the circle of radius 1

we have t as parameter and (

T—a y—b
<\/<x—a>2+<y—b>2’ V(@—a)’+(y—b)?
po(t*) =1, W* is described as:

a+po(t*—t)u
W“={<%ﬂ$$¥>tek»ﬂ+ﬁ=1}

—po(t* —t)v

) in the circle of radius 1 around (a,b). So, choosing ¢* so that

and (v-(0),%-(0)) corresponds to

_asinﬁ—bcosﬂ _bsinﬂ+acosﬂ

, v — —_—.
Va2 +b? Va2 +b?

tzt*—t;b U=u_ =

Then, using (2.15) we obtain:
NP_ =T, ()4 onW" = span (ﬁ_) ;Uu: k:ﬂ (2.18)
(v-(0),%-(0)) 8 ) 7]:1;7 ) 11, — (a,b)]]
Similarly the stable manifold W* of the fixed point (a, b, 0,0) is described as:

a+po(t*+t)u
W = { (”Z%ljﬁ“) [teR, v’ +v* = 1} :

po(t*+)v
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where (74(0),4+(0)) corresponds to

P asin 8+ bcos 8 acos B —bsin
= — U= Uy = —————, V=04 = ———
ab + /a2 + b2 + /a2 + b2
and
U S 29F(0)
RPy =T, . W?* = span S S | = b 2.19
+ = Ton o)W =P {( ;) < &:) I — @b (219

Incidentally, we note that:

u;) (2.20)

or, using || Iy — (%) [o- = —b:

v

0

/
S’ = span V29F(0)v_
o

Let 8" := DR(y-(0),4-(0))S’. Then [2, (H3)] reads: dim[RP; +8"'] = 3. To prove this equality
we first extend R to R* as follows:

v zvtan
v+utanS’ v+ utan 8

R(z,y,u,v) = ( ,ucos2f3 — vsin25,vcos2ﬁ+usin26> .

As it has been observed in [2] the way we choose such an extension does not affect the result. We
get the Jacobian matrix:

\/Wv cosB 0 —‘i;’/ﬁ’z zv_ cos Bsin az+32 2u_ cos Bsin B
2 2 .
Tnes ) = | R B 0 EiPe s S s
0 0 cos(2) —sin(20)
0 0 sin(25) cos(20)
then
2 2 )
! e G +v2)smﬁ+¢a+w>
2 2 . )
Tr(@y, pu—s po-) k32 — | e eosing ( Sa(ul +02)sinf + s
—ku_v kv_(v_ cos(28) + u_ sin(23))
- Fo_(v_ sin(28) — u_ cos(28))
2
- tbv cos § 7xbmﬁ+\/w “+b cos 3 xsmﬁ-f' \/m)
+b v_ sin Zxsin B8+ ——2— i E ) v
- kv 6acﬁs[37bs€1ﬁ VaZ i =U- _aa2 Slnﬁ M-’L’Slnﬂ—{— \/m
TR vy
71@7w Fuu,

Va5
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With = /2gF(0), z = w% and k = 291;(0)1) we get a: =Y a2b+b2 cos 3 and then:

(aQer2)3/2 sin 8 cos 8 +

a2ib2 ) cos 3

1 - 2 a22 3/2 .
J (,-Y (O) ,_Y (O)) 0 ; _(a +ab2) (Slnﬂbcosﬂ —+ agib2> Sinﬂ
R - ? - 2 = _
o VEF@

_ b V_v4
Fu—v- 29F©)
— b V_U4
a24b2)3/2 . o
% (smﬁcosﬁ—&—ﬁ) cos 3 chosﬁ
_ 2 %(sinﬁcosﬁ—i—ﬁ)sinﬁ _ 02 Mu+smﬁ
== - =
29 F(0)us 29F (0)v-
29F(0)uy 29F (0)u+
since
n 3 54 ab
uyv_ = sin 3 cos _
* a? + b2
So

(a2462)3/2 cos 8
T U+

1" ' : / mu
§" =R (v-(0),9-(0)) S’ = span oz +
—/29F (0)vy
V/29F (0)uy

Clearly dim[RP; + S8"'] = 3 if and only if

a /
“ o @A s
/
v Sy
rank | o _ V20F(0) —/29F (0)u- =3 (2.21)

T ray U+
12— (3l
\/29F (0
0 ﬁu_,_ \/29F(O)U+

Now:
a 2\3/2
Uy Ut (L)u+ cos o | 12132
(a® +b2)3/2 4 (a +b) . B
det | vy —uy T —ugsing | = -1 — o rus (uy sin 8 — vy cos B)
: 1 2L (3]
I2—(3)ll
14 (a® + b%)3/2 a 14 a? +b?
= — u = — —_—U
a2||12—(‘§2)||,+¥a2+b2 alll = (§) 1"
Uy asin
=-1-—=—"—"—F#0.
U_ bcos,@’—asinﬁ#

So dim[RP; + 8"’ = 3 and condition (H3) of [2] is verified. Now, looking at the matrix in (2.21)
we easily check that a unitary vector ¢ € [RPy + S”']* is given by:

0
0
o= =L _ [ o (2.22)
o 20F(0) \4,.(0)
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3 Constructing the Melnikov function

Our purpose, in this paper, is to study the chaotic behaviour of the solutions of a small amplitude
perturbation of equation (1.3) i.e. of

T = )\fz(x7y) + Ehl(@%%%!)ﬁ)

.. 0 3.1
i = My(z,y) +eha(t,z,y,2,9,¢). (3:-1)

We expect that if the perturbation is of sufficiently small amplitude and satisfies suitable recurrence
conditions such as almost periodicity, the resulting equation exhibits chaotic behavior in the sense
that a Smale-like horseshoe exists. To this end, according to [2, Theorem 4.2], we need to construct
the Melnikov function associated to the perturbed equation, which, in turn, depends on the function

X~Yt)*P*R* DR(y_(0),5_(0))*y fort <0
e(t) ==
X7'e)r(1- Py for t > 0.

Here X, (t) are the fundamental matrices of the linear variational system

By = Fo (e ()X (2 (6). 32 (1) () A, At () e (2 (01 + Fay (s (0]
o = Fy (v ()N (1(1). A () () A ()AL Fry (i ()1 + Fy (v ()]

satisfying X4 (0) = I, Py are the projections of the dichotomies of the linear variational system
along (v (t),4+(t)) on Ry, whose kernel and range have been described in (2.18), (2.19), and R_
is the projection onto N'G'(v-(0),%-(0)) along (¥—(0),5-(0)).

First we simplify the expression of ¢(t). From the expression of the Jacobian matrix Jg(z,y, pu—_, pv_)
and (2.22) we see that

Next, we already saw that

<
L
T
—~
=2
\lg.
—~
=2
\
B
=
OO = O

and

So the matrix of R_ is given by:

SO O =
(e )
o= o O
— o O O
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Then
0
* . 0
RER(- (0040 = | )
v_
and, finally:
0 0
. . «| 0 0
PR DR(y-(0)4- =P | O =] 0
v_ v_

since we can take P_ to be the an orthogonal matrix and (uo ) is orthogonal to N'P_ (see (2.18)).
0
0

Similarly, we can take P4 to be an orthogonal matrix and < ) is orthogonal to RP,. So:

Ut
vt
- 0
b(t) = —X-) (%) ift<0 B 1 —X7't) (4 %)) <0
- Y = T o —Lipye (0 .
XNt (u‘l) if¢>0 20F(0) | X3 ()" (45,000)  i£>0
1)+
0 0
Note that ¥ (t) = X' (¢)* <u0+> and o_(t) = X_*(t)* (_2> are the (bounded on R.) solu-

(B —v_

U
v —v_

We now show how the existence of first integrals can be used to obtain 4 (¢) without the need
of computing X4 (t). We will need the following

0 0
tions of the adjoint variational system with the initial conditions ( o ) and (_2 ) respectively.

Theorem 3.1. Let zy(t) be a solution on an interval Iy C R of the ODE % = g(z), with z € RN
and g of class C'. Suppose that the equation has a smooth first integral J of class C?, i.e.,
(9(2),VJ(2)) = 0 for any z € RN. Then w(t) = VJ(20(t)) is a solution on Iy of the adjoint
system w = —Dg(zo(t))*w along zo(t).

Proof. Let Hj be the Hessian of J. Differentiating (g(z), VJ(z)) = 0 for any z € RY we get
(Dg(2)v,VJ(2)) + (g9(2), Hs(2)v) = 0
for any z,v € RY. This is equivalent to
Dg(2)"VJ(2) + H;(2)g(z) =0
for any z € RY. Then we derive

w(t) = H(z0(t)20(t) = H(20(t)g(20(t)) = —=Dg(20(t))"VJ (20(t)) = —Dg(z0(t)) w(t).

The proof is finished. ]
To apply Theorem 3.1 to our case we observe that, as it is well known, the motion of our
particle for (1.1) has the energy
22 s2 42
T + L + - +gz
2 T2 T

consisting of the kinetic and potential parts. Hence (1.3) has the first integral

(@ fo(z,y) + 9y (2,9))°
2

-2
H=2 1

5 +

-2
% +9f(z,y)
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Corresponding to H we have the Lagrangian:

(@ fa(z,y) + 9y (2,9))°
2

.. i
L(J’J,y,l‘,y) ==+

3 +

-2
% —gf(z,y)

and the Euler-Lagrangian equation is (1.3). We plug (1.4) into the above formulas to get:

H=g ey 2((F). <zjz>>2F’[(x — P+ (g = b+ gFl(w - ) + (y — b))
=g v 2((3). (570 Pl -af -0 - gFle 0P+ -

with X = i and Y = . We take H(z,y,X,Y) as J and derive
H'(z,y,X,Y) = <2F'((a —2)?+ (b—y)?) <2X(—aX +2X = bY +yY)F' ((a—2)? + (b—1y)?)
+(a—2z) (—g —4(aX —2X +bY —yY)’F"((a —2)* + (b—y)?)) ) ,
2F'((a — 2)* + (b —y)?) (2Y(—aX +2X —bY +yY)F' ((a —2)* + (b—y)?)

F(b—y) (—g— 4(aX — 2X 1 BY — VP E((a— ) + (b 9)?)) )

X +4(a—2)(aX —xX +bY —yY)F'((a — x)* + (b — y)?)?,

Y +4(b—y)(aX —zX +bY —yY)F'((a —z)* + (b — y)2)2> .

(3.2)
Inserting (z,y, X,Y) = (v4(t), 9+ (¢)) into (3.2) and using (2.3), (2.6), (2.20), and the definition of
Uy, vy we derive

)
)

QU+p+F’(p§r) (9+ 2/"); (F’(pg) + 2P§F”(p
20 p4 F'(p3) (9 + 205 (F'(p%) + 203 F" (p
up (1+4p3 F'(p%)?) py
v (1+4p3 F'(02)?) b
= (L+4p2F' (01)?) (—ugfpg, vy g, uppi, v py)”

+M+M

VH(v4+(t), v+ (1) =

where pi = py(t) := po(ta b T t). Similarly, with (z,y, X,Y) = (7= (t),%-(1)):
VH(v-(1),5-(t) = (1 +4p2 F'(02)?) (~u—jp—, —v—p—,u_p—,v_p-)",
where p_ = p_(t) := po(t(, ;) —t)- From (2.20) we also get

v(t) = (5) +px(t) (v1)-

Now, Theorem 3.1 implies that VH (y_(t),¥—(t)) and VH(v_(t),5—(¢)) are (bounded) solutions
of the adjoint equation on the intervals (—oo, 0] and [0, co) respectively. Moreover (see also (2.15))

VH(7£(0),4+(0)) = (14 4p=(0)*F'(p=£(0)*)?) (0,0, usp+(0),v1p+(0))" = —/29F (0)1)(0%).

and then we get: .
Y(t) = _QgT(O)VH(V(t)W(t))’ t#0.
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We can further simplify the expression 1 (t) observing that, from (1.4) it follows:
VHOw (0. 52(0) = - (14 0F G20 ( 20,
_ oy (1) (oX)
—n+ivsesoP (20 )).

So:

P(t) =

L+ [VFOxe@®)]? pa(t) (ui) 1+ IV £ (v (1)) 5L (t)
QQF(O) < P:I:( ) ( ) > N 2gF<0) ( 'V:t(t) ) ’ 13 7é 0. (3.3)

Then, according to [2, Theorem 4.2] the Melnikov function characterizing chaotic behavior of the
solutions of (3.1) is:

/ P ( <h1<t+m<t>v<t>o>>dt
ha (t+0,7(t),7(1),0) (3.4)
. hi(t+a, K s
= o L IV SO0, (1630 )

where we use the notation of (2.14).
We conclude this Section with a remark. Equation (1.3) has another first integral, independent
of H that can be constructed as follows. Consider the one parameter family of rotations in R?

given by .
a0 (5) = (5) =200 (3 25) - o= (S, )

Then H and L are invariant under A(s) in the sense that
H(A(s)(z,y), B(s)(X,Y)) = H(z,y, X,Y), L(A(s)(2,y), B(s)(X,Y)) = L(z,y, X, Y).
Note Dy, [A(s) ()] = B(s). From Noether theorem [1], we know that

I($7y7X> Y) = D(XY)L($7an7Y)A/(0) (;)

_ (X +4(a—2)(aX —2X +bY —yY)F'((a —2)* + (b— y)2)2> (y - b)
Y +4(b—y)(aX —zX +bY —yY)F'((a—2)*+ (b—9)?)? ) \a—=z

=-bX+Xy+(a—2)Y

is a first integral of (1.3). Note that, with x = z1, y = y1, X = 22 and Y = g0, I(2z,y,X,Y)
coincides with (2.5), i.e. I comes from the radial symmetry, as it could be expected.

Applying again Theorem 3.1 to (2.17) with the first integral I(z,y, X,Y) and using (2.20), we
obtain the following bounded solutions of the adjoint variational system on (—o0,0] and [0, c0)
respectively:

. . po(t(;’)_t)(j;,) PO( (a, )+t)(7u+)
VI(y-(t),9-(t) = (Po(t(a; —0(%)) VI(v4(t),¥4(t) = polt (a,b:+t)( )

but the function
o= | VI(-(#),9-() fort<0
i) = { VI(y4(t),94(t)) fort>0

is not a bounded solution of the variational equation (see [2, eq.(45)]) since it does not satisfy the
impact condition (see the 2nd equation of 2, eq.(45)])

R* [R(7-(0),9-(0))"w(0") —w(07)] = 0. (3-5)
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Indeed:
R*[R'(7-(0),9-(0))*w(0%) —w(07)]

= (0,0, 2sin B(acos 3 + bsin 3),2sin B(bcos B — asin B))" # 0.

On the other hand, it is true that R* [R'(y-(0),7-(0))*¥(0") — ¢(07)] = 0 as we already know.
Thus to apply Theorem 3.1 the knowledge of a first integral it is not enough to obtain a solution
w(t) of the adjoint variational equation as given in the 1th and 3rd equations of [2, eq.(45)], but one
also has to check weather w(t) satisfies the impact condition (3.5) presented by the 2nd equation
of 2, eq.(45)]).

4 Chaotic behavior

In this Section we perturb equation (1.3), or equivalently (2.17), and construct the corresponding
Melnikov function associated to the chaotic behavior of the perturbed system. We construct such
a perturbation by allowing the boundary of €2 to oscillate around the equilibrium. However to fit
into the framework of this paper we need that the perturbation does not act when the particle
runs from the first hitting line (y = 0) to the second (y = z tan 8). We may obtain such a situation
endowing the line y = 0 with a switcher interrupting the boundary movement when the particle
hits it and another switch restoring the boundary movement immediately before the time when
the particle hits the line y = xtan 8. Another kind of perturbations fitting into this framework
may be obtained by taking a steel particle and letting the gravity acceleration g vary slowly by the
effect of a electromagnetic field. Again we need two switchers near the impact boundary: the first
(near the line y = 0) stopping the electromagnetic field and the second restoring it immediately
before the particle hits the line y = xtan 8. If these conditions are satisfied we may neglect the
part of the trajectory from y = 0 to y = x tan 8 and assume that the impact manifold varies with
time as follows:

T = {(y1 — ep(t))(y1 — 1 tan § — ep(t)) = 0}.
where p(t) is a periodic (or almost periodic) C*-function.
/;y:ztangﬂp(t)

! 1y=ztanp

y=ep(t)

/

Figure 4: The billiard with a moving boundary

0]

Remark 4.1. Suppose a solution hits the line y = 0 at a point xy near the homoclinic solution with
speed (&g, 9o). Then it is reflected to the solution starting from (x¢,0) with speed (&g, —9o). Since
this solution satisfies & = §j = 0 we have:

w(t) = xo +tio,  y(t) = —tyo.

So the reflected solution hits the line y = xtan 8 at the time ¢ such that

X
—tijo = (wo + tig) tan B & t = — 0

To + tan 3
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So, in our framework, we essentially assume that the perturbation (or boundary of the billiard)
stops for a time duration given by ——*%-— before starting again, where x¢ is the point of the z
tan

B
axis hit by the ball &g, 7 is the speed of the ball at the hitting time.

Changing y1(t) and y2(t) with y; — ep(t) and yo — ep(t) respectively we obtain the system,
instead of (2.17):
j]l = X2

yl =12 (4 1)
3:72 = )\(xhyl +5p(t)a$27312 + Ep(t))fl’(xbyl +€p(t)) '

U2 = N1, y1 +ep(t), x2,y2 +ep(t)) fy(z1, 51 +ep(t)) — ep(t)

that we write as:

yl = Y2 (42)
&g = N1, Y1, T2, y2) fo(@1, y1) + €hi(t, 21, Y1, 22, Y2, €)

yQ = A(l‘172~/173:27yQ)fy('rlayl) + Eh?(taxlay17x25y27€) - Ep(t)

This change of variables has the effect that the domain 2 does not change and it is as in the
previous Section: Q = {(z1,z2,y1,y2) | y1(y1 — x1 tan 8) > 0}. So the perturbed impact equation
is (4.2) together with the same impact conditions as the unperturbed system:

yi(t"7) = 0= (2 ("), ya (), 22(t"), 2 (")) = R(za(¢77),0,22(t™), y2(t77)).
Let = (x17y17x2ay2)7 C(t) = (O,ZJ(t),O,p(t)) and

T2

_ Y2
FE= 1@ 0 m)
)\(Z)fy(fﬂlayl)

Taking z + e((t) = (z1,y1 +€p(t), z2, y2 + €p(t)) we obtain

T2 0
P+ =0 = | 5oy ey +eny | |70
Az +eC(t) fy (w1, 91 + ep(t)) b(t)
So that our perturbed system reads
2= F(z +e((t) — eC(t) (4.3)
that we write as
0
2=F(z2)+e¢ hl(t?z,s)
ha(t, z,€)
Note
0
et () = F((0) 3 (0)(2) ~ &0
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The Melnikov function associated to the perturbed problem (4.3) is then (see (3.4))
/ w (74 (0 (D) + ) = (¢ + ) d
/ v ()%(t))C(Ha)—C’(t a))dt=
/ WL (OF (74 (6), 74 (0)C(E + a)dt - / WLt + a)dt

/w DEF (1 (), () t—l—adt/w +a)dt =
/OO<F<7+(>, OO el = | w040+ )

[ a0 5- @) ) e+ )t - / W) + a)dt =

/m C(t+ a)dt — /¢+ C(t+ a)dt — / U ( +a)dt—/_mw,()é(t+a)dt=

= [ e v a- [ %[wwc(waﬂdt

2a cos Bp(«)

Vaz +02 -
As a consequence M («) has a simple zero at some « if and only if p(«) has a non degenerate max
or min. So using [2, Theorem 4.2], we conclude with the following

= (V4(0) = v—(0))" ¢(e) = (v4 — v-)p(a) =

Theorem 4.2. Assume that F(p) is a C5 function whose support is contained in the interval [0, 3]

such that B((a,b),ro) cQ and such that F'(0) < 0 and p(t) is an almost periodic C* function with
a non degenerate max or min. Then there exists g > 0 such that for |e| < e¢ equation (4.1)
behaves chaotically in a suitable neighborhood of the impact homoclinic orbit (y(t),¥(t)).

As a second example we consider the case of the periodically perturbed gravity g. So we assume
g is changed with g +ep(t) and p(t) is a C2, T—periodic, function. Then, emphasizing dependence
on g the perturbed system is:

U1 =y2 (4.4)
.’1,'2 - A($17y1a$27y279 +€p(t))fcv(xlayl)
Y2 = AN21, Y1, 22,92, 9 +ep(t)) fy(x1,y1).

So the perturbation is given by:

0

_ 0
e @1, y1, 2, Y2, 9 + ep(t + @) — M@1, y1, 22, Y2, 9)] Folz1,y1)

fy(xh yl)
and its limit as € — 0 evaluated at (y(t),¥(t)) is:
0
1)) . 0 1 0
5902103501900+ ) | 1 2 ) | = =T (wrst) 70
fy(r£(1))

Now:

<<7§ES)> ’ (Vfwoi(t))» = (1), V(1)) = %fwi(t)).
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So:
-1
/ MR AT (Vf (4 (t) )p(”a‘“ J?yT/ plt+ ) 1 (s 1)
1 S
- s (P00 — S+ [T 04(0) = fla b+ 0l

and similarly:

o 1 0
| w0 NMCROIE (vm(t))) pl+ a)dt

1 0 .
B0 (—p(a)[m_(o» ~ @b+ [ 1) = fla bl + a)dt) .

Note f(a,b) = F(0). Since the support of f(x,y) is contained in the ball (z — a)? + (y — b)? < r3
and 4 (0) do not belong to this ball we get:

M(a) = Fla,b))p(t + a)dt = ———— lim F )Pt + a)dt.

1 oo
Wora | w6 - s i)

Then we see that "
/ M(a)da =
T

so that if M(«) # 0 the equation M(«) = 0 must have a solution that generically is simple. As a
consequence, using again [2, Theorem 4.2], we get the following result.

Theorem 4.3. Assume that F(p) is a C® function whose support is contained in the interval [0, r]

such that B((a,b),r0) cQ and such that F'(0) < 0. Then, given any p(t) in a open dense subset
of the space of C?, T—periodic functions, there exists eg > 0 such that for || < eo equation (4.4)
behaves chaotically in a suitable neighborhood of the impact homoclinic orbit (y(t),*(t)).

We continue with Example 1.1. To allow more generality we take: a = cosf, b = sinf and

B = 20 with 6 € (0,Z). Then condition (2.13) reads ro < min {2sin®0,sin@}, so that we take

o = sin? . Moreover, we derive tib =ty = 02200 < () and thus py(t) = p_(—t). Recall that

V2F(0)g
p+(t) = po(ti, ,y +1) and p_(t) = po(ty, , — 1)

Hence we arrive at

1 0 . o .
Mie) = < ( | om0y - FODpe+ adar+ [T (Pl - PO+ a)dt)

2) — F(0)) (p(t + @) + p(—t + a)) dt.

1 oo
V290 /0 (

So if p(t) is even then M(0) = 0 and
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Note pg(t) is determined by
po = —=G(p3)po, po(0) =ro
with

r(1+4rF’(r)2)

29(F(0)—F(r))
Gr) = for r > 0,
—2gF’(0) for r = 0.

and 0 < po(t) < ro for t > 0. Set

G:= max G(r), g:= min G(r),

ref0,r2 ref0,r2]
_ F(0)—-F - F(0)—F
K := sup M>O, k:= inf M>O
re(0,r2) T re(0,rg] T

(recall that F'(0) < 0). Then clearly roe=C! < po(t) < roe 9" for all t > 0. Now assume
jj(_ta,b) > Oa (45)

and take the smallest ¢y > 0 such that p(t —t,;) > 0 for any t € [0,) and p(to — tap) = O.
Note such #y > 0 exists since IOT]B(t — tap)dt = 0. Next, since kr < F(0) — F(r) < Kr, we get
kpo(t)? < F(0) — F(po(t)?) < Kpo(t)? and then

[e%e] _ to B fe’e]
/ (F(0) — Flpo(t)2))p(t — tap)dt > R / po(®)2i(t — tp)di — K / po(t2[(t — to )|t
0 0 to
B to _ _ S _
> rgk/ e 2Ct Gt —typ)dt — rgK/ e 29 |t — tqp)|dt
0 to

Then it holds

\/i 27 /to —2Gt - = > —2at | -
M (0) < ——=—— | F(0O)p(—tas) + 1k e 2Ct (it —t, dt—TQK/ e 29 5(t — t,p)|dt ).
(0) F ) (0)p(—tap) + 75 ; B( b) ok ) 15( o)

Hence, if in addition it holds
_rto _ Y _
F(O)p(_ta,b) + T%k/ e_2Gt p(t - ta,b)dtL - T(%K e—2gt |p(t - ta,b)|dt > 07 (46)
0 to

we can apply Theorem 4.3 and conclude that equation(4.4) behaves chaotically. For Example 1.1,
we compute

g=42335, G=215527, k=16, K = 96.

Recall t,; = —0.0739158. Finally we take p(t) = —cost. Then p(t) = sint and p(t) = cost. Next,
P(—tap) = c0s0.0739158 = 0.997269 > 0, so (4.5) holds. Clearly to = 5+, = 1.49688. Then we
can check that

_ rto _ _f° _
F(0)p(—tap) + rgk/ e 2Ct Gt — typ)dt — rgK/ e 29 |t — tap)|dt = 0.0969298 > 0
0 to

so assumption (4.6) is verified as well.

5 Using symmetries to obtain the Melnikov function

In this Section we suggest a direct way to obtain the function (¢) which is not based of the
existence of first integrals. This approach is based on a careful analysis of the variational system of
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the first order equations associated to equation (1.3) along the solution (4 (), 4+ (¢)). It is proved
that this variational equation satisfies symmetry conditions that allow us to reduce its order from
the 4th to the 2nd. Obviously this methods applies any times the 4th order variational equation
has the form (5.1) and the coefficient matrix satisfies suitable symmetry conditions (see equations
(5.2) and (5.3)).

From (2.3) we know that

_g + QFI (P2) (p282 +772) +4p2772F” (,02)
1+ 4p%F' (p?)?

)\($1;y17332>y2) = )‘(p27772792) =

with p? = (1 — a)? + (y1 — b)%, n* = 23 + y3 and p?0 = ya(21 — a) — x2(y1 — b). Then:
zi1—a 0 Y2
— —x
pVp = (3“0 b) , nVn= (502) . 20pVp+p*Vo = (_<y13b))
0 2 xr1—a

(note that the derivatives are taken with respect to all variables (x1,y1,z2,y2), we omitted the
argument (1,1, T2,y2) for simplicity). So

Y2 T1—a

2 —x _

p Vo = ((y12b)> — 20 (ylg b) .
xr1—a

VA =2D1A(p* 0%, 6%) - pVp+ 2D (0%, 1%, 6%) - 1V + 2Ds A (0%, 1, 6%) - 0V 0
but on the homoclinic orbit (z1,y1,22,y2) = (v4+(t), ¥+ (t)) we have § = ¢ = 0 and

Now:

i b = 2 =u Y2 =
— = U4y o = V4, o = U4 o = Ut
polte, +1) polty, +1) polty, +1) polts, +1)
SO:
uy
v
X !
nVn = po(tS, +1) <u+)
vy
and then:

U
VAG (1), 44 (8),0) = 2D1A (R (EE, + 1), 33t +1).0) poltf, +1) ( )
0
0
+2Do) (PR (tE, + 1), 3Bt +1).0) poltf, +1) (0) ~
vt
Similarly on (y—(¢),¥—(t)) we have § = ¢ = 0 and
r—a y1—b T2 Y2

p— - U77 - = v77 . —
poltey —1) po(t,, —1) po(ty, —1)

)

and then:

We set, for simplicity,

Alt) = A (p3(0). 43(1),0)
Au(t) = DX (p3(8), 33(1), 0)
Aalt) = Dad (p3(1), 43(1),0)
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and

E))
(tfb +1)
(tfb +1).

PETED ST 2
S T
—~ ~~
S
>/>>/>>/>
_ o~

Then the linear variational system along (74 (), ¥+ (t)) is (+ is for ¢ > 0 and — for ¢ < 0)

no| 0 I Y1
o _<Ci(t) Di(t)> T2 (5-1)
Y2 Y2
where
TR ¢ ¥ioe i il i
= £2Xo(ty, £ )0ty £ ) (v (8)* (uz, vz)
and

C(t) =Bttt = Ol 20) (N F ) 4k, £ 08 0 0)

— 20 (2, % Dpo(tE, £ )/ (v ()" (u, va) + A(EE, £ ) H (14(1)).
From (2.2) we know that
F' ()" = 2p0(ty, £ O F (5t 1) (vF)
and hence:
NNZES + s 1 2(4E ui, ULVt
Di (t) = i4)\2(ta,b + t)po(t(yb + t))po(ta,b + t))F (p(](ta,b + t)) 2

U+vx Uy
2
- 4 us, ULV
= 2Xa(t5, £ ) G [F (05 (te, £ 1)) <u;& vi ) .

As a consequence
Dy(t)=D4(t)* and similarly Cy(t) = Cy(¢)". (5.2)

So the adjoint system to (5.1) is

i‘l z
1 _ 0 C4 (t) U1
To | I Dy (t) T2
Y2 Y2

with the impact condition (3.5) (and w = (21, y1, T2,Y2)*).
For sake of simplicity we set:

My

d(t)

(t)

+(t
(

c+(t

Il
TN
IS

+ H &
< HN
H_

<
0 2 H
H@
H,
\/

Ao(t) g [F(po( )]
AN () pg () F (p3(1))
= ﬂd(ti +t)
(tfb +1)

QO
TL]
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then
Dy(t) = £2d(t;, £ )My = dx(t) My

Cu(t) = c(ty, £ )M + Mty £ )Hy(y(t) = cx(t) Mx + X () Hp(v2 (1))
Let us write N o
()0 ()

() = —Ca )y (1)
zigt) = —do () Mxtpy (1) — 97 (¢)
1

Then

W
P (0) =0, %3 (0) = % (%)

Suppose, for the moment, that Cy(t) and My commute, that is

Ci(t)My = MiCi(t), (5.3)
then we see that N
(MW;(@)
Miyy (1)
satisfies the same equation and hence:
Ui (1) = Metsi (1)

(1) = M (9

or else:
WE®), (La)) = W @), (Jn,)) =0.

This means that to determine () we do not need to study a 4-dimensional equation but a 2-
dimensional equation that is the equation satisfied by the functions

(1) = (1), (v)) &)= (Wa(t), (v))-
From the expression of C4 (t) we easily see that C'y (t) My = M Cy(t) is equivalent to
Hy(ve(t)) My = My Hyp(v+(t))
But from (2.2) we derive:

ui UL V4

_ /(2 " 2\ 2
uivs V2 )—2F(p L+ 4F"(p") p” M.

Hy(2(t)) = 2F ()1 + 4F" () p? (
(with p = PO(t;_L,b +t)) and then Hy(vy4(t)) My = My Hy(v+(t)) easily follows. Note that, being

W), () =0
we get, because of the orthonormality of the set {(ut,v1), (ve, —us)}:
Uia(t) = &) (03) -
So, using also My = M} and My (vF) = (of): we see that (£1(t),&2(t)) satisfies the system in

R2:
&) = —(Cx(t) (v3), (v ))& (1)
& (t) = —&5(t) — de ()& (1) (5.4)
&-(0) =0, &(0) = £1.
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Since
(Ce(t) (b5), (vE) = cx(t) + A (O (Hp (v (1) (v) . (4F))

we can write (5.4) as

{ G0 = — {ex(® + A (O(H (20 (7). () f &7 0)

&(1) = ~&5 (1) — e (06 (1) (5.5)
&5(0) =0, £5(0) = +1.

or,

& (1) = —& (1) — de ()& (1)

fifc(t) = - {C:t(t) +20E(t) {F'(pg(tib 1)) + 2F" (p3(t5, £ 1)) p3(t5, + t)} } € (t)
€£(0) =0, £5(0) = £1.

The equation adjoint to (5.5) (without initial conditions) is

() = m(0)
{ in(t) = {es (0 + M0 Hy(2(0) (1) () Y1) + de (i 1), >0
Since (4 (t), 5+ (t)) is a solution of (5.1) satisfying the initial condition
(22(0),51(0), 72(0), 2(0)) = (3(0), 42 (0)) = Fv/2gF(O0) (1, v, 0,0)
we see that ((3+(¢), (vF)), (5= (1), (v5))) satisfies:

{ i1 (1) = ma(t) )
Mo (t) = ca (8 () + A () (H p (v (6)) 2 (8), (55)) + dec (t)ma(2)

but, since
a(t) = (3 (1), (53)) (v1) + (@), (L ) ()
and
(Hi(va) (L), (52)) =0
we see that ((3+(¢), (vf)), (3= (t), (vT))) satisfies (5.6) with the initial conditions:

ni(0) = Fv/29F(0) 15 (0) =0.

As a consequence the function:

1 <;i/:|:(t)7 (Zi )> e~ fot d4(s)ds
29F(0) (—Wi(t), (Zi)))

satisfies (5.5) (initial condition included). So:

and then:
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and hence:

— #671‘& +(s)ds ’Y:I:(t)
v = 29F(0) e (—%(0)'

Next we have

\o (1) = 2F/(P0(t)2) +2p0(t)*F" (po(t)?)

Ao (t) = — 1+ 4po(t)2F" (po(t)?)?
and
1) = doft) & P(po (1) = ~ LA ip[it()ﬁ}(t() IR )
Hence

8p+ ()P () F" (p(1)?) [F'(p£(1)?) + 202 (8)* F" (p(1))]

. + - _
de(t) = £2d(t;, + 1) = 1+ 4p. (0)2F (pi(1)2)?

d
= = WL+ 4p2 (0 F (p+(1)*)?]
for p4(t) = po(tab) £ t). This gives

e o dx s — 1 44y, (4)2F (pa(t)?)?
and hence, using also the equality 1+ 4p+ (t)*F’(p+(t)%)* = 1 + ||V f (v ())]1*:

_ L4 @I [ F(0)
v = 29F(0) <_"Yi(t)>

that coincides with (3.3).

6 Conclusions

The main purpose of this paper is to introduce a new class of relatively simple chaotic impact
system consisting in non—flat billiards. Thus we have studied the behavior of a particle of unitary
mass moving on a cartesian surface z = f(z,y) in R? and (z,y) belongs to a convex domain  with
piecewise smooth boundary. The particle is subject to the gravity field and is reflected with respect
to the normal axis when it hits the (smooth part of the) boundary that, in turns is subject to a
small amplitude periodic (or - more generally - almost periodic) force. Due to the complexity of the
problem we have considered radially symmetric functions with compact support in the interior of
Q. In such conditions we have proved the existence of a piecewise smooth homoclinic orbit for the
unperturbed problem (when the boundary of € is frozen) consisting of three smooth parts. Since
the time spent by the solutions near the middle part of the homoclinic orbit is almost the same, we
have replaced the equation with an impact equation assuming that when a solution hits 02 with
a certain speed it is immediately sent to another point of 9 with another speed. This reflection
law has been explicitly computed by studying the flow near the middle part of the homoclinic
orbit. Then we used a result in [2] concerning chaotic behavior of impact system to construct the
Melnikov function for such an impact dynamical system. To clarify the result we applied it to
two concrete situations, the first when we have a moving boundary and the second (to show the
wider applicability of the result) when the gravity varies periodically. We have seen that chaotic
behavior of the dynamical system appears generically in such situations and we have also studied
an example with a concrete function f(z,y).
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