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1 Introduction

Non-smooth differential equations when the vector field is only piecewise smooth,
occur in various situations: in mechanical systems with dry frictions or with
impacts, in control theory, electronics, economics, medicine and biology (see
[3-5,11-13] for more references). One way of studying non-smooth systems is
a regularization process consisting on approximation of the discontinuous vec-
tor field by a one-parametric family of smooth vector fields, which is called a
regularization of the discontinuous one. The main problem then is to preserve
certain dynamical properties of the original one to the regularized system. Ac-
cording to our knowledge, the regularization method has been mostly used to
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differential equations with non-smooth nonlinearities, like dry friction nonlinear-
ity (see [1] and a survey paper [16]). As it is shown in [1,16], the regularization
process is closely connected to a geometric singular perturbation theory [6,10].
On the other hand, it is argued in [9] that a harmonic oscillator with a jumping
non-linearity nenhnearity-with the force field nearly infinite in one side is a bet-
ter model for describing the bouncing ball, rather then its limit version for an
impact oscillator. This approach is used also in [14] when an impact oscillator
is approximated by a one-parametric family of singularly perturbed differential
equations, but as discussed in [14], the geometric singular perturbation theory
does not apply.

In this paper, we continue in a spirit of [14] as follows. Let © C R" be
an open subset and G : Q — R a C?-function, such that G'(x) # 0 for any
reS:={zxeQ|Gx)=0} CQ. Then S is a smooth hyper-surface of 2 that
we call impact manifold, (or hyper-surfacehypersurface). We set Qp = {x € Q |
+G(x) > 0} and consider the following regular-singular perturbed system:

et = fr(x) +egy(t,x,e) for x e Qyp 11
&= f_(x)+eg_(t,x,e) forazel_ (1.1)

for € > 0 small. We assume that the system

z=fy(x) forxeq
{ﬂbef(x) forzeq (1.2)

has a continuous periodic solution ¢(t) crossing transversally the impact mani-
fold S, given by +

_()eQ_ for —T° <t<0
q(t>={q() .

q+(t)€Q+ fOI'O<t<T_?_

and ¢—(0) = ¢+(0) € S, ¢—(—T°) = q(T9) € S. By transversal crossing, we
mean that
G'(q(£T2))d+ (£T2) < 0 < G'(¢(0))4(0).

We set T, := T + &1 and assume that g4 (¢,z,¢) are T.—periodic in ¢.

Transversal crossing implies that (1.2) has a family of continuous solutions
q(t,a), a € (an open neighbourhood Iy of 0 €) R"~! crossing transversally the
impact manifold S, given by +—

(t, ) = q_(t,a) e Q_ for -T (a) <t <0
K - q+(t7a)€Q+ fOI'O<t<T+(Oé)

where ¢_ (0, ) = ¢4 (0,0) € S, g (—T_ (), @), g+ (T (e), @) € S, and g+ (¢,0) =
q+(t) and T4 (0) = TY. Moreover, T+ (c) is C? in «, and the maps a +— ¢(0, @)
and a — q(£T(a), ) give smooth (C?) parameterizations parametrizations-of
the manifold S in small neighbourhoods weighberhoods-U, of ¢(0) and Uy of
q(TY) = q(=T°). Then the map R: UyNS — U4 NS, ¢(0,a) — ¢ (T4 (a), a) is
C?—smooth. In this paper, we study the problem of existence of a T.—periodic
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solution of the singular problem (1.1) in a neighbourhood netghberheed-of the
set
{a-(t) [t € [-T2,01} U{q+(t) | £ € [0,T2]}.

As a matter of fact, in the time interval [0,eT7], resp. [-T?,0], the periodic
solutions will stay close to g, (e7't), resp. to ¢_(t), and hence it will pass
from the point of S near ¢(0) to the point of S near ¢4 (79) in a very short
time (of the size of eT). So, we may say that the behaviour behavier—of the
periodic solutions of (1.1) in the interval [-T°,eT?] is quite well simulated by
the solution of the perturbed impact system

= f_(x)
R(g-(0,0)) = g+ (T (@), ). (1.3)

It is now clear that our study has been mostly motivated by the paper [14],
where a similar problem on planar perturbed harmonic oscillators is studied.
However arguments in [14] are mainly based on averaging methods whereas, in
this paper, we investigate a general higher-dimensional singular equation such
as (1.1) by using the Lyapunov-Schmidt reduction. We focus on the existence
of periodic solutions and do not check their local asymptotic properties as, for
example, stability or hyperbolicity. This could be also done by following our
approach but we do not go into detail details-in this paper.

Our results (see Theorems 3.1 and 5.1) state that if a certain Poincaré-
Melnikov-like function has a simple zero then the above problem has an af-
firmative answer. The proof of this fact is accomplished in several steps. In
Section 2, we show, for any « in a neighbourhood neighberhood-of a = 0, the
existence of a unique continuous solution z(t) = z(t, o, €) of (1.1) near the set
{q(t,a) | t € [-T°,T?]} which is defined in [-T_+7, T +7], Ty ~ T and such
that z(7) = ¢(0, a), for some 7, and x(=T_ + 7, @, ¢), z(eT} + 7, o, €) belong to
UsNS. Moreover, o+ x(—T_+7,a,¢) and a — z(eT4 +7, a, ) are C? close to
q+(£T¢(a), a) and then a + z(=T_ +7,,¢) and o — x(eTy + 7, , €) give C?
parameterizations parametrizations—of S in neighbourhoods neighberheods—of
g+ (£T_ (o), ). Hence, x(—T_ +7,a,€) — x(eTy + 7, a, €) gives a Poincaré-like

map and a (7° + ETE)—periodic solution is found by solving the equations

x(eTy +1,06) = x(—T- + 7,0, €)
T_+eTy =T +eT9.

Thus, the bifurcation equation is obtained by putting conditions (7447, a, €) =
a(=T-47,0,¢), T_+eT} = T°+eTY and the fact that the points z(eT +7, o, €)

and x(—T- + 7, €) belong to S together. Then, in Section 3, we use the we

ase-Lyapunov-Schmidt method to prove that the above equations can be solved

for (T_, T, 7,a) ~ (T°, T& 70, 0) as functions of € > 0 small provided a certain

Poincaré-Melnikov-like function has a simple zero. We will first study the case,

that we call non-degenerate, when

% [0+ (T4 (a), @) — q— (=T (a),@)] .o w # 0, Yw € R" 'such that T (0)w = 0.
(1.4)
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Condition (1.4) has a simple geometrical meaning. The impact system (1.3) has
a T —periodic solution if and only if the following condition holds:

(T (o), a) = ¢ (-T-(a), ), T-(a) = T°. (1.5)

Now, suppose there is a sequence 0 # a,, — 0, as n — co such that (1.5) holds.

@
Possibly passing to a subsequence we can suppose that lim —— = w, |w| = 1.

n—oo |ay,|
Then, taking the limit in the equalities:
0 (Te(on) ) — g (-T(on),0n) _ ) To(an) =T
(% 7 |os |

we see that condition (1.4) does not hold. Thus, (1.4) implies that, in a
neighbourhood neighberheed—of a = 0, there are no other TV —periodic so-
lutions of (1.3) apart from q_(¢).

In Section 4, we define the adjoint system to the linearization of the impact
system

&= f_()
2(0) = q-(0,0),  2(~T_(a)) = R(2(0)) (L6)
G(a(~T-(a)) =0 ~T_(a) <¢<0
along the solution z(t) = ¢_(¢,0) and relate the Poincaré-Melnikov function
obtained in Section 3 with the solutions of such an adjoint system.

Section 5 is devoted to the extension of the result to the case (that we call
degenerate) where ¢ (7T (a), o) = q—(—T-(a), ) for any o € Iy. We will
see that our results can be easily extended provided one of the following two
conditions hold:

either T' (0) # 0 or T_(a) = T for any o € Iy.
Section 6 is devoted to the construction of some planar examples, although our
results are given for an arbitrary finite dimension. Finally, Section 7 contains
some technical proofs.

2 The bifurcation equation
We set uy (t, ) = g4 (e7't,a), u_(t,@) = ¢_ (t,a) and

(t,a) = u_(t,a) for —T_(a) <t <0
uh e = up(t,o) for 0 <t < elly(a).

Note that +—

us (eTy (), ), u—(—T-(a),),0) € S

and that u(t,0) is a continuous periodic solution, of period 70 + ETJ?, of the
piecewise continuous singular system:

et = fy(x) forxz ey
t=f_(x) forzef_.
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Obviously, u_(t, ) extends to a solution of the following impact system:

{ z=f_(x) for x € Q_
2(t*) = g4 (T4 (a),0) when 2(t7) = _(0,a)

that can be written as +

= f_(x) for x € Q_
{ x(tT) = R(z(t7)) when z(t7) € UyNS.

Our purpose is to find a T, —periodic solution z(¢,¢) of system (1.1), which
is orbitally close to u(t, «) for some v = a(e) — 0, as ¢ — 0T that is such that

sup  |z(t+7(e),e) —u(t,ae))| = 0ase — 0" (2.1)
—T0 <t<eT?

for some (7(¢), a(e)) = (70,0) as e = 0. Thus, we may say that, in some sense,
the impact periodic solution u_(¢,0) approximates the periodic solution z(t, ¢)
of the singular perturbed equation (1.1).

To this end, we first set x(t + 7) = x4 (t) + uy(t, @) in equation et =
fr(x) +egy(t,z,e). Then x4 (t) satisfies —

et — fl(ug(t,o))e = hy(t, 7,2, 0,¢€) (2.2)
where +—

hy(t,7,2,a,e) =
er(CL' + u+(t,a)) - f+(’LL+(t,Oé)) - fjr(UJr(tva))x +€g+(t +7,r+ u+(t,a),5).

Since uy (0, a) describes Uy N S, HBg-A-S-we consider (2.2) with the initial con-
dition 29 = 0. Let X (¢, ) be the fundamental solution of & = f’ (¢4 (¢, a))x,
such that X, (0,a) = I. Then X, (¢ 't,a) is the fundamental solution of
et = fl(up(t,@))z, with X;(0,a) = I. Let Ty be near T?. By the varia-
tion of constants formula, the solution of (2.2) with the initial condition 2y = 0
satisfies

t
xa(t) = 5*1/ Xy(e M a)X (e s, @)h(s, T, 24 (s), a, €)ds.
0

Thus, we conclude that for p > 0 and T’y near T equation c& = fi(z) +

eg(t,z,€) has a solution x(t) such that supy<,<.p, |z(t + 1) — ui(t, )| < p if
and only if the map x(t) — (t) given by —

(1) = e~ /0 Xo(e )X e s, a)h(s, mya(s), s e)ds,  (2.3)

has a fized point whose sup —norm in [0,eT4] is smaller than p. To show that
(2.3) has a fixed point of norm less than p, we set y(t) := z(¢T+t), t € [0,1] and
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note that z(¢) is a fixed point of (2.3) of norm less than p, with 0 < ¢ < T, if
and only if y(¢) is a fixed point of norm less than p of the map:

t
i) =T+ [ Xe(Tot, ) X7 (ToohleThom (o) a)do,  (24)
0
0 <t < 1. Note that

hi(eTht, 7,2, a.6) = fo(z + g4 (T4, @) — f1(q+(tT, ) — fi(a4 (T, @)z
+eg+ (€tT+ + 7T+ g+ (tT+a Oé), 6);

and hence in the fixed-point fixed-point-equation (2.4), we may also take ¢ < 0.
Then since (2, T, , &) + hy(eTy 7,7, 2,0,¢), 0 < 7 < 11is a C>~map and

‘h+(t,7’,$,0¢,€)| S A(‘$|)‘$| +Ng|€‘
where

Ny = sup{|g,(t,Z,¢) |t € R,|T] < p+ sup g (t,a)|, |e| < eo}
t€[0,74 (a)],a€lo

Alp) = sup{[f'(z + g1 (t, @) = ['q+ (t, )| [ £ € [0, T ()], |2] < p, 0 € T},

the map y(t) — §(¢) is a C?—contraction on the Banach space of bounded
continuous functions on [0, 1] whose sup —norm is less than or equal to p pro-
vided p is sufficiently small, T is near TY, |¢| is small, a € Iy and 7 € R.
Let y. (t,7,ca,T¢,¢) be the C?—solution of the fixed point (2.4). We empha-
size the fact that ¢ may also be non-positivenonpesitive. Then x (¢, 7, @, ¢) :=
yi (eI M, 7,0, Ty €) is a fixed point of (2.3) and

(£+(Et, T,Oé,E) = y+(T_:1t,T,Oé,T+,E) (25)

is C? in all parameters and t.
Writing 7'7 't in place of ¢ in (2.4) and using (2.5) we see that

t
x+(5t,7,a,5):/ X+(t7a)X;1(s7a)h+(5s,7,x+(as,7,a,s),oqs)ds, (2.6)
0

0 <t <Ty. We have, by definition, x,(0,7,a,¢) + us(0,a) = uy(0,a) € S
and
ry(eTy, m,008) +uy (€T, o) € S

if and only if (recall that uy (T4, ) = ¢4+ (T, @)

Ty
G <Q+(T+a Oé) + X+(T+7 O‘)X—Zl(sv a)h+(557 T, $+(583 T, 6)7 @, 6)d87 6)) =0.
0
(2.7)
We remark that equation (2.7) has meaning also when £ < 0 but its relevance
for our problem is only when ¢ > 0.
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As second step we consider the solution of the differential equation on Q_:
&= f_(x)+eg_(t,x,e), z(1)=4q(0,a)

which is close to u_(t — 7,a) on —T_ +7 <t <7, T_ ~T° Let X_(t,)
be the fundamental solution of the linear system @ = f’ (u_(¢, «))z such that
X_(0,a) =1. Setting x(t +7) = v_(t) + u—(t, o) we see that (for t € [-T_,0])

x_(t) satisfies the equation:

{ i(g)fi(g_(t,a))x =h_(t,T,x,0,€) (2.8)

where

h_(t,T,z,a,e) =
f* (:L‘ + u*(ta)) - f* (u* (tv a)) - fL(u,(t,a))x + ggf(t +7,r+ u*(tv a),&).

Again by the variation of constants formula we get the integral formula:
t
z_(t) = / X_(t,a)X_(s,0) 'h_(s,7,2_(s),,€)ds
0

which, as before, has a unique solution of norm less than a given, small, p:
x_(t,7,a,¢), with =T_ < ¢ < 0. At ¢t = —T_ the solution of (2.8) takes the

value:
0

- X (=T_,a)X_(s,0) " h_(s,7,2_(s,,€),,€)ds.
-7

Now, we want to solve the equation
o (=T_ 1, a,e) +u_(—T_,a) = x4 (eTy, 7, a,€) + uyp (eTh, @)

that is [again using vy (eT4, o) = ¢+ (T4, ) and u_(—T—, ) = q_(=T—, a)]:

Ty
Q+(T+7 O[) + X+ (T-'r’ a)X-‘,_-l(Sv Oé)h_;,_ (657 T, .I_t,_(ES, T, 6)7 «, €)dS

0 0

=q (-T-,a) — X (-T_,0)X_(s,0) 'h_(s,7,2_(8,T,,¢),,€)ds.
~T_
(2.9)
Of course, when (2.9) holds, then (2.7) is equivalent to

0
G (q(—T,a) - X(—T,a)X(s,a)_lh(s,7,x(s,7,a,s),a,5)ds> =0.
T
(2.10)
So, our task reduces to solve the system formed by equations (2.9), (2.10) to-
gether with the period equation:

T +eTy =T1° —i—eTﬂ
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that is the equation F(T, T, 7, a,¢) = 0 where:

F(Ty,T-,1,a,¢) :=
x_(-T-,1,a,e) +q_(-T-,a) — x4 (T4, 1, 0,¢) — q4 (T, @)
0
G (q_(T_,OL) - X_(T_7OZ)X__1(S7OZ)}L_(S7T,I_(S,T,Oz,€),a7€),€)d8>
—T_
T —T° +e(Ty —T7Y)

According to the smoothness properties of z_ (¢, 7, o, €) and x4 (e, T, o, €), ety rreser

it results that F(T,T_,7,«,¢) is C2.

3 Solving F(Ty,T_,7,ct,e) =0
In this section, Seetion-we will give a criterion to solve equation F (T4, T-, T, a,¢) =
0 for (T4, T-, 7, «) in terms of € for small € > 0. We will use a Crandall-Rabino-
witz type result (see also [15, Theorem 4.1]) concerning the existence of a solu-
tion of a nonlinear equation having a manifold of fixed point at a certain value
of a parameter.

Our result is as follows. Consider the linear system

P*q(T9,0) =0
¢2 = [1/}* + qplG/(q(_Tga 0))} q.—(_TEaO)
0[S (=12,0) = SE(TY,0)] + G (a(=T2,0))d(~T2,0)T.(0) = 0.
(3.1)
We will prove that if (1.4) holds, system (3.1) has a unique solution, up to a
multiplicative constant, and the following result holds:

Theorem 3.1. Assume condition (1.4) holds and let (1,11, 12) € R" xR xR be
the unique (up to a multiplicative constant) solution of (3.1). If the Poincaré-
Melnikov function

Ty
M(7) =" i X (T9,0)X4(s,0)" g1 (7,u(0,0),0)ds

0
o /_To X (—T°,0)X_(5,0)"1g_ (s +7,u_(s,0),0)ds (52)
N 0
+i1 G (g(=T2,0)) . X (=T°,0)X=1(5,0)g_ (5 + 7, q_(s,0), 0)ds

has a simple zero at T = 19, then system (1.1) has a T.—periodic solution x(t,¢)
satisfying (2.1).

Proof. To start with, we make few remarks on the functions x4 (¢, 7, o, €). First
we note that when e = 0 equation (2.8) reads +—

b= (ot u(ta) — f-(u_(t,))
xz(0) =0
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which has the (unique) solution z(¢) = 0. Thus,
x_(t,7,a,0) = 0.

Next, differentiating equation (2.8) with respect to € we see that 8;—;@, 7,0, 0)
satisfies the equation:

{ &= fl(u—(t,))z =g_(t+7,u_(t,a),0)

2z(0) = 0.
Hence, +—
Ox_ t .
z_(t,7,0,0) := W(t,T,a,O) = [ X_(t,o)X_(s,a)” g_(s+7,u_(s,a),0)ds.
0

Next, +—x4(0,7,a,6) = 0 by the definition and differentiating equation (2.6)
with respect to ¢ at ¢ = 0 and using the equalities:

$+(0373aa5) = 07 h,7t(0,7',0,04,0) :07 hfym(O,T,0,0é,O) =0

we get +—
t
tf,'C_;'_ (07 T, Q, 0) = / X+(t7 O‘)X—Zl(sv a)g+(7—a U+ (Ov Oé), O)ds
0

So, equation (2.9) at ¢ = 0 and T4+ = T4 (o) becomes:—

Q—(fT— (a)’ O‘) = Q+(T+(Ot), a)

which is satisfied for & = 0. Now we look at equation (2.10). Since h_(¢,7,0,,0) = 0,

h—{t;70:0-0)=0-we see that when ¢ = 0 and T_ = T_(«) the equality is sat-
isfied. As a consequence, we get we-get:—

- (=T-(a),a) = ¢+ (T (a), )
F(I (), T-(a),T,0,0) = 0 (3.3)
T (o) —T°

and f(TJOr,TE,T,O,O) = 0. Next we look at derivatives of F with respect to
Ty,T-,a and ¢ at the point (19,79, 7,0,0). We have +

0

oT_
=—i_(-T_,7,a,e) —G_(-T_,a) = —¢_(-T_,a), ase—0,

[ (-T_,1,0,8) + q_(-T-,a) —x (T, T, ,¢) — q4 (Ty, )]

and similarly, using

eiq (T4, 7 a,6) = fag(eTh, 70 8) 4+ g4 (T, ) — flag (T, @)+
eg(t + 7,0, (eTy, 7, 0,6) + q (T'y, @), €),
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we get
0
T, [z_(=T_,7,a,8) +q_(—T-,0) — 2 (T4, T, €) — q+ (T4, )]
= —eiy(eTy, 1, 0,6) — ¢4+ (T, ) = —¢+ (T, ), ase— 0.
Next =
0
8_C¥ [l'_ (_T—7 T, 6) + q— (_T—7 Oé) — Ty (€T+a T, 6) - q+(T+v Oé)]
0q_ 0
— aq—a(—T,,a) - %(T+7a)7 ase — 0,
and
0

a— [x—(—T_,T,OZ,E) + Q—(_T—va) - ]J+(ET+,T,O[,€) - Q+(T+7a)] —0 ase—0.
r

So, the Jacobian matrix L of F at the point (7%,7°,7,0,0) is

L= m(TE_,TE,T, 0, O)
. . 0q_ 0,
_q+(T4O»a O) _q—(_T970) 0 él—a(—TE,()) - %(TE?O)
= 0 ~G'(q(=T2,0))i-(~T2,0) 0 G'(¢(~T°,0)) % (~T°,0)
0 1 0 0

and (py,pu_,7,w) € R x R x R x R"! belongs to the kernel N'L of L if and
only if

p— =0
(5 (=12,0) = 52(T9,0)] w = (T, 0 (3.4
G'(q—(=T°,0))%=(~T°,0)w = 0.

From G(q_(—T_(a),a) = 0, we get G{g—{(—TF—fa)rar="0-weget—

G120 [0 -T2 0 0+ S0 0 33)

thus, on account of the transversality condition G’(¢(T",0))¢_(=7°,0) # 0,
(3.4) is equivalent to +

dq_ 1] .
| (=T2,0) = %(79,0)| w = (T2, 0)py

T (0)w =0
p_ =0.

Next, from G(g4 (T4 (a), o) =0, we get Efg{Frfalrar="0-wveget—+—

G'a(T2.0) a4 (T80T 0) + (12,0 =0 (3.1

(3.6)
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then subtracting (3.5) from (3.7) and using ¢(77,0) = ¢(—1°,0) we obtain:

@' (q(T%,0)) [+ (T2, 0)T(0) + ¢ (=12, 0)T” (0)]
= G/(a(TY,0)) [ 35 (~T2,0) - %(19,0)]

So, if w € R"~! satisfies (3.6), we see that

G (q(T9.0))i (T2, 0T (0)w = G (q(T9,0))i (T2, 0}

and then, on account of transversality, 7% (0)w = p. Summarizing, we have
seen that, if (uy,p—,7,w) € NL then py = T, (0)w, p— = 0 and w € R"!
satisfies +—

{ [20= (=19, 0) — %(19,0)] w = 4, (T2, 0)T (O)uw )
T (0)w = 0.

On the other hand, if w € R™™! satisfies (3.8), then (7% (0)w,0, 7, w) belongs
to NL. So NL = span{(0,0, 1,0)} if and only if system (3.8) has the trivial
solution w = 0 only. But (3.8) is equivalent to -

{ a5 [0-(=T-(a), ) = ¢4 (T4 (), )] ,_gw = 0
T (0)w = 0,

and hence (3.8) has the trivial solution if and only if the non-degenerateness
condition (1.4) holds. We emphasize the fact that, assuming condition (1.4),
equation F(T'y,T_, 7, «,0) = 0 has the manifold of fixed points (T'y,T_, T, ) =
(T9,T°,7,0) and the linearization of F at these points is Fredholm with index
zero w1th the one-dimensional kernel span{(O 0,1,0)}. Hence, there is a L unique
vector, up to a multiplicative constant, 1/) € R"*2 such that @/}*L =0, 1;9—5—9
ie.,

(= (T9,0) —4_(~T1°,0) 0 %= (-1°,0) — %(79,0)
Uy 0 ~G"(q(~12,0))¢_(~1°,0) 0 G'(q(—T9,0>>‘"”’ (-1°,0) | =0.
0 1 0 0

Writing &% = (%, ¢1,92), ¥ € R", 91,2 € R we see that ¥,1, s satisfy
(3.1). This proves the claim before the statement of Theorem 3.1.

We recall that our purpose is to solve the equation F(Ty,T_,7,a,e) = 0
for ¢ # 0 and that F(T4,T—,7,«,0) = 0 has the one-dimensional manifold of
solutions (T4, T, 7,a) = (T9,T°,7,0) and its linearization along the points
of this manifold is Fredholm with the one-dimensional kernel span{(0,0, 1,0)}.
Hence, we are in position of applying the following result that has been more
or less proved in [15].

Theorem 3.2. Let, X, Y be Banach spaces and F: X xR — Y a C2-
map such that F(xz,0) = 0 has a C?, d—dimensional, manifold of solutions
M= {z=¢E() | p€ R} Assume that for any p in a neighborhood of = 0
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the linearization L(p) = D1F (&(1t),0) has the null space Te(,,) M = span{&'(u)}.
Assume further that L(u) is Fredholm with index zero and let TI(p): Y — RL(u)
a projection of Y onto the range of L(n). Then if the Poincaré-Melnikov func-
tion

I — TI(1)| D2 F(§(1), 0)

has a simple zero at p = 0, there exists € > 0 and a unique map (—&,&) —
x(e) € X such that F(x(e),e) = 0. Moreover, D1F(x(¢),¢) is an isomorphism
fore #0.

Actually the statement in [15, Theorem 4.1] is slightly different from the
above. Hence, we give a proof of Theorem 3.2 in Appendix 7.2. We apply
Theorem 3.2 to the map F(T4,7_, 7, a,¢) with 4 = 7. Then L(7) = L is
independent of 7, #and hence so is II(7) = II. Next [[-II]z = Tgljizwhere RL =
{J}J— and @Z* = (*,1h1,19) € R"2 9hp € R™ 9y, 1ho € R, is any vector satisfying
(3.1). To apply Theorem 3.2, we look at the derivative of F(T9,7°,7,0,¢) with
respect to € at € = 0. First, we have:

Olvy (eTy, o e) —x_(=T-, a,€)]

T e =0
X+ (T+, Ot)X+(S, a)719+ (7—7 U(Oa O‘)a O)d’s
0
0

+ [ X (~To, )X (s,0) g (s + Tou_(s, ), 0)ds
—T_

whereas differentiating (2.10) with respect to € at € = 0 we get +—

0
7G/(Q—(7T—7a)) o X—(fT—a Oé)X:l(Sﬂ a)g—(s + 7, Q—(Sv a)v O)ds

We obtain then

%%(T-?—a TE, T, 032[2 =
+
- X-‘r(T-?-aO)X-F(S’O)ilg-F(Ta Q+(O7O)7O)d8
0
0
- X_(fTE,O)X_(S,O)ilg_(S+T,q_($,0),0)d8
,TE

0
~G'(q(~=T°,0)) e X_(—TE,O)X:I(S,O)Q_(S +7,q-(s,0),0)ds
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and then the Poincaré-Melnikov function is:

M(T)T:O:
[ XT0,0)X(5,0) ga (7, u(0,0), 0)ds

o 0

+* /_TO X (—T°,0)X_(5,0) g (s + 7 u_(s,0),0)ds (3.9)

+11 G (¢(=T°,0)) e X_(=T°,00X"'(5,0)9_(s + 7,q_(5,0),0)ds.

The conclusion of Theorem 3.1 now easily follows from (3.9) and Theorem 3.2.

O

4 Poincaré-Melnikov function and adjoint system
In this section, Seetion—we want to give a suitable definition of the adjoint
system of the linearization of (1.6) along ¢_(¢) in such a way that the Poincaré-
Melnikov function (3.2) can be put in relation with the solutions of such an
adjoint system.

Let R: UyNS — U; NS be the C'—map defined in Introduction and recall
the impact equation (1.6):

2(0) = g_(0,0) € SN Uy
2(~T(e)) = R(s(0) (4.1)

For a = 0, @=6-(4.1) has the solution z(t) = ¢_(t,0), —T° <t < 0. We let
x(t, o) denote the solution of the impact system (4.1) on [—7'(«),0]. Then its
derivative with respect to o at o = 0 satisfies the linearized equation:

u(~T°) — 4_(~T°,0)T} (4.2)
G'éq (=12, 0))[u(~T°) = ¢_(~T°,0)T1] = 0

Next, recalling (1.1), we consider a perturbed impact system of (4.1) (see also
(2.8)) of the form

x)+eg (t+7,2,¢€)

(O Oé) e SNUy

) = )R(T,x(o), €) (4.3)
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where R : Rx UyN S x (=4,0) — Uy NS is defined as follows: R(7;&,e) =
x4 (eT+(&,7,e),7,¢) and x4 (t,7,¢) is the solution of

ex = f+($) +Eg+(t+’7’,£[,’,€)
2(0) = &.

Note that R is a C?—map on R x Uy NS x R taking values on Uy NS and
R(71;4(0,),0) = ¢4+ (T4 (), ); moreover, -—mereoverwhen g, is autonomous
then R is independent of 7, so we may take 7 = 0 in its definition. We recall
that for simplicity we write R(&) instead of R(7;&,0), £ € S.

To study the problem of existence of solutions of system (4.3), we are then
led to find conditions on h(t), d and T7 so that the non-homogeneous linear
equation:

@ — fL(q-(t,0))u = h(t)
u(0) = %=(0,0)9, 6 € R*!

u(=T%) — ¢_(=T°,0)T — R'(¢(0,0))u(0) = d € R (4.4)
G'(q-(=T2,0)[u(~-T?) - ¢ (~T2,0)T] = 0
T="

has a solution (u(t),0,T). Let us comment on equation (4.4) (and similarly on
(4.2)) that condition u(—T°) —¢_(=71°,0)T — R'(¢(0,0))u(0) = d only involves
the derivative of R(&) on the tangent space T¢S since u(0) = %(0,0) € 1T:S,
& = ¢-(0,0). So, it is independent of any extension we take of R({) to a
neighbourhood neighberheod—of ¢_(0,0). We also note that for simplicity we
denote again by T the value of the linear functional T} in (4.4).

Since G(R(q_(0,))) = 0, G{R{g—(0 )= 0-we get

G/ (Rla-(0,0) R (a-(0,0)) 1= (0,006 = 0

for any € R"~! and then

G'(R(q-(0,0)))d = G'(R(q-(0,0))) |u(~T2) = ¢ (~T2,0)T — R’(q(an))%(Q 0)9} = 0.

So, if equation (4.4) has a solution, we must necessarily have
G'(R(q-(0.0))d =0 [& G'(q+(T2,0))d = 0].
Next, we define two Hilbert spaces:

X o= {00.1) € T 0,7 X B xR [ 0(0) = S 0,00

V= {(h,d,T) € L*([-T°,0,R") x R" ' x R x R | G’(R(¢—(0,0)))d = 0} .

Note Y is a Hilbert space and X is a closed subspace of a Hilbert space
WE2([=T°,0],R") x R*~! x R. Then (4.4) can be written as

A(u,0,T) = (h,d,0,T})
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with )
. U*f’_O(Q—(t,O))U
| w(=T2) = ¢ (=T2,0)T — R'(q(0,0))u(0)
A BT =1 G2 (~12,0)u(~T2) — 4 (~1°,0)7]
T
and A: X =Y.
Lemma 4.1. The range RA is closed.
Proof. Indeed, let A(uy,0,,T,) = (hy,d,,0,T) — (h,d,0,T}). Then
n (£) = 8"— / X £, 8)hn(5)ds
and
dq_ 0q_
/ e TO
R a(0.0) = 0,000 = G (T2, 00,
=—d, — X_(=T°,0)X_(5,0) *h,(s)ds — ¢_(~T°,0)T}"
_TE
G'(q_(=T°,0))d, = 0.
Since
0
—dp — X (=T°,0)X_(5,0) " hp(s)ds — g_(=T°,0)T" —
,TE
0
—d - X,(—T970)X,(8,0)_1B(8)d8—C],(—TE7O)T17
—T9
and R [R/(q(o,())) = (0,0) - — %= (=10, 0)-] is closed, then G'(q_(~T°,0))d =
0 and there exists # € R"! so that
0q_ g ~
' 0 — ~7°,0)0
Ra(0.0) 50,00 = G120
=—d— X _(=T°,0)X_(5,0)"h(s)ds — ¢_(=T°,0)T;.
,TE
By taking
a(t) == aq_tO /X “U(t,s)h(s)ds, T =T,
we derive (h,d,0,T;) = A(a,0,T) € RA. The proof is finished.

Next, we prove the following result.
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Proposition 4.1. Let (h,d,T) € Y. Then the inhomogeneous system (4.4) has
a solution (u(t),0,T) € X if and only if equation

/0 o(t)*h(t)dt + *d + YTy = 0 (4.5)

,TE
holds for any solution v(t) of the adjoint system

()+f’(q( 0))° <> 0
} [v(0) = R'(q-(0,0))*¢] =0 (46)

510 =+ 4y < <T0 0))"

1/1*(1+( ,0)=0

and 1y = *q_(=T2,0) + 11 G'(¢—(~T2,0))¢—(~12,0).

Proof. Before starting with the proof we observe that, because of G'((¢+(17,0))d =
0, v is not uniquely determined by equation (4.5) since changing it with ¢ +
AG'(q—(=T7,0))*, X € R, the equation remains the same. So, in equation (4.5),
we look for v in a subspace of R™ which is transverse to G'(q_(—77,0)*. It
turns out that the best choice, from a computational point of view, is to take ¥
so that ¢*¢, (T7,0) = 0 (see equation (3.1))

First, we prove necessity. Assume that (4.4) can be solved for (u,6,T) € X
and let (v(t),v,v1), v € WH2([-TY,0],R™), be a solution of equation (4.6).

Then
h(t) = a(t) — f'(q—(t,0))u(t)
d=u(~T%) — ¢_(~T°,0)T — R'(¢(0,0))%=(0,0)0
0=G"(q-(=T2,0)[u(~T%) — ¢_(~T2,0)T]
T, =T.

Plugging these equalities in the left-hand left-hand-side of (4.5) and integrating
by parts, (4.5) reads

0

00) = 0,000 — (=T u(-10) = [ [5(0) + £ (4-(0,0) o0 ule)ds
TO
U [u(=T%) = (7%, 0)T = R'(g(0,0)) 3= (0,0)0
LG o CTONCT) g 0 4 T =0

{%=0.0] v0) - 0,000} o

= o(=T0) + 16 g (-T2, 0))") u(~T2) wn

0
*/ [0(2) + L (g (¢, 0)"v(t)] "u(t)dt

—-T°

+[thy — * G (=T2,0) — 1 G'(q— (=12, 0))¢—(=T2,0)]T = 0
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because of the definition of 99 and the fact that (v(t),, 1) satisfies (4.6).

To prove the sufficiency, we show that if (h,d,T") € Y does not belong to
RA, then there exists a solution of the variational equation (4.6) such that (4.7)
does not hold. So, assume that (h,d,0,71) ¢ RA. By Lemma 4.1 and the
Hahn-Banach theorem, there is an (9,1,),%3) € Y such that

(0,9, %1,%2), A(u,0,T)) = 0, V(u,0,T) € X, (4.8)
and o
<<’D71/}>1/}17’(/}2)3(h7d707T1)> = 17 (49)
where (-,-) is the usual scalar product on Y. We already noted that we can
assume that ¢*¢y(7?,0) = 0, and (4.8)-(4.9) remain valid. Repeating our
previous arguments, we see that v(t) € W'2([-T?,0], R") and that (4.8) implies
(T, 1,11, 12) solves the adjoint system (4.6). Summarising, if (h,d,0,71) ¢ RA
there exists a solution of the adjoint system for which (4.6) does not hold. This
finishes the proof. O
Again we note that equation (4.6) only depends on the derivative R'(¢—(0,0))
on T, _(0,0)S since %=(0,0) /(g (0,0))" e = [d4 (T9,0)T(0) + % (19,0)] v =
%%(T_E,O)*w, where we use ¢*¢4 (T9,0) = 0 or, in other words, it is indepen-
dent of any C''—extension we take of R(£) to the whole Up.
We now prove the following proposition.

Proposition 4.2. The adjoint system (4.6) has a solution if and only if (¥, 1)
satisfy the first and the third equation in (3.1) (and we take the second equation
in (3.1) as definition of 13 ).

Proof. Indeed let v(t) be a solution of (4.6) then -
u(t) =Y ()Y (=T°) " to(-T°)

Y(t) = X~'(t)* being the fundamental matrix of the linear equation o(t) +

f(g—(t,0))*v(t) = 0. Then, taking v(=T°) = ¥ + ;G (q—(—T°,0))* the two
remaining condition in (4.6) read:

{ [20,0)] [V (=) + 416G (a-(~T2,0))"] = R'(q-(0,0)°¢] =0
that can be written as:—

{ D (=T0,0)* [ + ¥ G g (=T2,0))"] = [#° R (a-(0,0)%(0,0)] =0

¥ (T9,0) = 0
or else, on account of R(q_(0,a)) = ¢4 (T4 (), ):
{ U |55 (=T, 0) = G(T9,0)| + G (g (-T2, 0)) 5 (~T2,0) = 0
¥*q4(T9,0) = 0.

The proof is finished. O
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We conclude this section Seetien-giving another expression of the Poincaré-
Melnikov function (3.2) in terms of the solution of the adjoint system (4.6). To
this end, let v(t) be a solution of the adjoint system (4.6). Since a fundamental
matrix of the linear equation

O+ f(q-(t,0))v =0

is X~(t)* we see that

o(t) = X' X_(-T2) o(-T%) = X' ()" X_(-T°)* [¢ + ¢1 G (q— (-T2, 0))*]
' o*(8) = [ + 61 G (q_ (T2, 0))] X_(~T*)X=1(t)

Then

A 0
= w* / X+(T-?-)X+(t)7lg+(7a Q+(O7O)7O)dt+/ U(t)*g— (t+7-a q— (ta0)70)dt
0 -9

As for the first term in the above equality, we can show it is related to the
impact R(7;&,¢). Indeed, from Section 2 we know that the solution of the
singular equation

b= fo(2) + eq(t, )
can be written as +—
Bt +7) = 20 (t) + g (e 0)
with z (et) as in equation (2.6). Thus, £ = 2(7) = ¢+ (0, ) € S and
R(7;&,¢) = x4 (eTy) + Q+(T+» )
/ X (T, ) X7 (s, ) hy(es, T, w4 (e5), v, €)ds + g4 (T, @)

for some T = Ty (7;a,¢). Then

OR BT
O (r50-(0,0),0) = 4 (T9,0) 5 * / X (T)X 5 (3)4 (7. 4+ (0,0, 0)ds
and then, using again ¢*¢ (T, O) = 0 we see that +—

TO

o [ XX )01 (01 0.0),0)ds = v S (ria-(0,0).0
0
M(r) = w*g—f(T;q,(o,o),O) +/_TO v(t)*g_(t+7,q_(t,0),0)dt.  (4.10)

When g is autonomous, then R is independent of 7, and the expression (4.10)
of the Poincaré-Melnikov function should be compared with the one given in [2,
Theorem 4.2] where a Poincaré-Melnikov function, characterizing transition to
chaos, is given for almost periodic perturbations of autonomous impact equa-
tions with a homoclinic orbit.
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5 The case of a manifold of periodic solutions
In this section Seetion-we assume that ¢ (=7_(a), @) = ¢4+ (T4 (a), @) for any
« in (an open neighborhood of o = 0 in) R™~!. Hence, from (3.3), we see that

.F(TJF(CV),T,(OZ),T,CV,O) = 0
T_ (o) —T°

We distinguish the two cases: T" (0) # 0 and T_(a) = T for all « in (an open
neighborhood of o = 0 in) R"~!. First, we assume that

T7(0) # 0.

Then a C?, (n — 2)—dimensional submanifold S of (an open neighborhood of
a = 0 in) R ! exists such that T_(a) = TY for any a € S. So, for ¢ = 0,
F(Ty,T_,7,,0) = 0 has the (n — 1)—dimensional manifold of solutions

(T+aT—a7_a a) = 5(04,7—) = (T+(Ol),T9,T,Oz), (0‘77—) €S xR

So, we are in position to apply Theorem 3.2. First, we have to verify that
the kernel N'D1F(§(r,7),0) equals the tangent space Te(o, )X, X = {{(a, 7) |
(o, 7) € S x R}, and then that the Poincaré-Melnikov function (vector):

[]I - H(Oz7 T)] D2]:(€(O‘7 T)7 0)

has a simple zero at («, 7) = (0,7p). Note that

T (c)v 0
T, X = n 0 01, eT,S
&(a,m)t = Spa 0 1] v ey
v 0
From (3.3), we get:
Dl]:(E(Oé,T),O) = 9 9
_q.+(T+(O‘)aO‘) —q_(—TE,Q) 0 %(—TE7O‘) - #(Tﬁ-(o‘)vo‘)
0 ~G'(q-(-T%,0))¢—(-T%a) 0 G'(q-(-T2,0)) 55 (-T2, q)
0 1 0 0

Note that D1 F(&(a, 7),0) does not depend on 7. Using G(q— (=712, «)) = 0 and
q-(-T°, o) = ¢4 (T4 (), a) for any a € S we easily see that

Dl}"(é(a,T),O)‘T&(mﬂX =0
for any v € T,S. On the other hand, assume that
e ~0(T4(0), 0) ~-(~T2,0) G (-T2, 0) = FE(T4 (0), 0)
ne | EN 0 ~G - (-T2 0)q- (-T2, 0)  G'(g-(~T2,0) T (-T2, a)

w 0 1 0
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for some piy,pu_ € R and w € R 1. Then p_ = 0 and (uy,w) satisfies
. dq_ 12}
44 (T4 (@), @)y + |55 (-T0, 0) = HE(T4(a), )| w =0
G (g (~T°,0)) %= (~T°, a)uw = 0
that, on account of ¢_ (=T, a) = ¢4 (T (), @) is equivalent to

{ 0+ (T4 (@), @)[TL(@)w — 1] = 0
G'(q-(=T°, ) %5 (T2, a)w = 0.

Now, from G(q_(—T-(a),a) = 0 we get, for any w € R"~1:

g (~T(0),0) P (~T (o), @) = G (g (~T(0), )i (T (a), )T ()
and hence
G'(q_(=T°, a))%(—:ﬁ,, )w =04 G (¢ (-T° )¢ (~T°, )T (a)w = 0

which, in turn, is equivalent to w € T,S because of transversality and the fact
that 7,8 = NT' ().

Hence, we conclude that N'D1F(&(c, 7),0) = Tg(a,r)X-

Now we consider the second condition. The Poincaré-Melnikov function
(vector) [I —II(ca, 7)]DaF(§(c, 7),0), w € S can be written as

w*(a’T)D%F(f(avT)vO) (5'1)

where *(a, 7) is a matrix whose rows are left eigenvectors of zero eigenvalue

of the matrix D1 F(§{(w, 7),0), that is, PrF{&ta+)70)that-is
¢*(a77)D1~7:(5(0477')a0) =0. (52)

Note that 9 (a,7) = 9 (a) does not depend on 7 since so does D1 F(&(a, 7),0).
Then (5.1) reads:

7
Moo 7) = 0%(0) [ Xo(T,0)X 4 (5,0) g1 (7,0, ),0)ds
+97(a) [ X_(~T% a)X_(s,0) 19— (s +7,q_(s,a),0)ds

—T0
0

+¢1 (O‘)G/(Q(_Tg7 a)) X,(—TB, a)X:I(Su Oé)g, (3 +T,q- (87 O‘)ﬂ O)ds'

Arguing as in Section 3, equation (5.2) is equivalent to

Vv ()g+ (T (), a) =0

Ua(a) = [ () +91(a)G (q(-T2,@))] 4-(~T2, a)

(@) | % (<T2, 0) = FE(Ty(a), @) + v1(@)G (a(~T2, 0)) %5 (-T2, 0) = 0.
(5.3)
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Moreover, the adjoint variational system along ¢_(t, c) is defined as

( )+f’ (q- (t»a))*v(t) 0
] [v(0) — R'(q— (0, @))*9h()] = 0 (5.4)
(— a)‘i‘lﬁl(a) "(q-(=T2,a))*
P*(a )q+(T+(oz),a) =0

where (* (), 1 (), 2 () satisty equation (5.2). Then the Poincaré-Melnikov
vector can be written as +—

Ty ()
M(a,7) = *(a) / X (T (a),0) X1 (t, a)gs (7, 44 (0, ), 0)dt

0 (5.5)
+/—T0 v(t, @) g_(t+ 7,q-(t, «),0)dt
or else +—
0
M(a, 1) = w*(a)%—]j(r;q_(O,a),O)—F/To v(t, @) g_(t+7,q-(t,«),0)dt (5.6)

v(t, ) being the solution of (5.4) and X (¢, ) the fundamental matrix of the
linear equation

&= fi(q4(t, ).

Of course the only difference between the cases T” (0) # 0 and T () = T° for
all & € S is that in the first case the Poincaré-Melnikov function is defined for
(a,7) € § x R while in the second it is defined for (o, 7) € O x R for an open
neigbourhood O of 0 € R"~!. Summarizing, we proved the following result.-—

Theorem 5.1. Assume that q—(—T-(a),a) = ¢+ (T4 (a),«) for any o in a
neighborhood of a = 0, and that either T' (0) # 0 or T_(a) = T° for any «
(in the same neighborhood). Then system (5.3) has a d—dimensional space of
solutions where d = n or d = n + 1 according to which of the two conditions
T'(0) # 0 or T_(a) = T holds. Moreover, if the Poincaré-Melnikov function
(5.5) (or (5.6)) has a simple zero at (0,79) then system (1.1) has a T.—periodic
solution x(t,e) satisfying (2.1).

Finally, we note that when we can show that a Brouwer degree of a Poincaré-
Melnikov function from either Theorem 3.1 or 5.1 is non-zero nenzere-then by
following [7] we can show existence results.

6 Examples
We consider a second-order seeend-erder-equation

e2i = fy(v,2) +egy(t,z,d,6), >0
i=f_(x)+eg_(t,x, i, ¢), x <0
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with the line = 0 as discontinuity manifold (i.e., with G(z, %) = z). We
+

write gy (¢, o) = (Zli%a;) with ¢ (0,a) = (ota,) (e ¢ (0,0) = 0 and
T (Lo

4y (0,0) = o + ag). We also write ¢4 (T (o), o) = (¢(()a)) so that +

T (aa0)  ote)

R(x1,w2) = (¢(x20 Oéo))

in the plane coordinates (z1,z2). According to equation (5.4), the adjoint vari-
Y'(a) .
")

i.e., we take

ational system reads, with ¢ («) = (

v2(0) — ¢ ()" (a) =0
v1(=T?) = ¢'(a) + ¢1 ()
U2E—TB) =" («

which can be written as (with vy = w and vy = —w):

W = f (g (t,0))w
w(0) — ¢’ (a)w(=T°) =0

Y =w(=T°) (6.1)
Wp(ar) + 9" f1(0,9()) =0
= —w(=T2) ¢’

Note that (when ¢(a) # 0) the last three equation are actually the definitions
of Y(a) = <$,,((‘Z))>, and 91 () in terms of the unique (up to a multiplicative
constant) bounded solution of the boundary value problem:

{ W= fL(QI(tva))w
w(0) - ¢'(Q)w(-T2) =0

and the Poincaré-Melnikov function (5.6) reads:

0

Ma,r) = (=10, a) (288D 1) P 0,000+ [ wlt g (7. (1.0, 0
o(c) Oe _ 0
whereas (4.10) reads:
OR 0
M(7) = w(=1?) (- EGHD 1) S (r19-(0,0),0)+ /_ w9~ (t7,0-(1,0), 0
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As an example, we take f_(z) = —z that is we consider the equation
i+x=eg_(t,x, &,¢).

The unperturbed equation & + x = 0 with the condition #(0) = 0 has the
solutions:

sint
cost

- (t.0) =+ o)

and T_ (o) = w. Note that, to have ¢_ (¢, o) € {(x1,22) | 1 <0} for -7 <t <0
we need a + ag > 0.

We assume we are in the first (non degenerate) case that is it holds (1.4),
which now has the form

R(q-(0,0)) =
3 [R(a-(0,0)

Note T” (0) = 0 for this case. Since

>, —nr<t<0

q— (_W’ 0)
) — g (—m, )], # 0. (6.2)

Rla-0.0) =070 = () o)

ola) + a+ ap

(6.2) is equivalent to

©(0) = —ap, ¢'(0)+1#0. (6.3)

Then it is easily seen that system (6.1), with a = 0, reads +

w+w=0

w(0) — " (0)w(—m) =0

P!’ =w(-m)

g+ 9" f1(0,—g) =0
P = —w(—m) — .

Solving @ + w = 0, #—+w==06-we get w(t) = acos(t + tg) and the boundary
condition reads: a(1+¢’(0))costy = 0. So, we can take w(t) = cos(t—7) = sint.

Since p(0) = —ag # 0, then & {6)=—aqg+~0-then—+—
1/)”:0a 1!/:07 P =1

and the Poincaré-Melnikov function reads +—

0
M(1) = / g—(t+ 7, apsint, ag cost, 0) sint dt.

—T

For example, taking g_(t,z,&,e) = —i cos? (ﬂ+ZT$) t, where TJ? is the time
the solution of equation & = f(x,), (0) = 0, ©(0) = ap takes to reach the

discontinuity manifold z = 0, we get +—

M(r) = %ao sin(27)
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which has a simple zero at 7 = 0.
To conclude the example we need to find a second-order seeend-orderequa-
tion & = fy(x,4) such that (6.3) holds. We consider

Ptz = fi(e,d) = fa®+i* —1)g(z,2)
with f(0) = 0 and f/(0) # 0. It has the solution x = sint and y = cost. So,
we take ¢ (t) = (sint, cost) and then 79 = 7. Note ¢, (T4 (a), a) = <<pé)a)> is

equivalent to ¢, (T (a),a) = 0 and ¢; (T (), @) = @(a). Then (0) = —1, so
we take ag = 1. Furthermore,

, i ) o 'y
¢'(0) = G (m,0)T(0) + =4 (7,0) = a—aqf(m 0).

Oa
Setting ((t) := Zqf (£,0), €f=24{+0)we have
C+ ¢ =2f"(0)g(sint,cost)(sint + ¢ cost). (6.4)

Since ¢, (0,a) = 0 and ¢; (0,a) = a + 1, we obtain ¢(0) = 0 and ¢(0) = 1.
Clearly, (6.4) has a solution (;(¢) = cost. Then the second solution is

t 2f'(0) [ cosog(sino,cos o)do

e JO ? . ’ "t .

CQ(t) = cost 5 ds = smte2f (0) [y cosog(sina,cos o)do
o cos? s

t
+2f'(0) cost / g(sin s, cos s) 21" (0) Jo cosag(sinacosa)do gy g1,
0

Hence,

é2 (t) — cost le/(O) f(f g(sin o,cos o) cos odv
+£7(0) sin 2t g(sint, cos t) €2/ (0) Jy 9(sin.cos o) cos oo
—2f"(0) sint fot sin s g(sin s, cos s) 2/ (0) Jg g(sinocos o) cos odo g
+f/(0) sin 2t g(sint, cos t) e2/'(©) [y g(sino.cos o) cosodo

This implies ' ) _
@/(O) _ Cg(ﬂ') _ _le (0) [57 g(sin o,cos o) cos a'dn.

Consequently, if
/ g(sino, cos o) cosodo # 0
0
then ¢’(0) # —1. So, we conclude with the following. +—
Corollary 6.1. Let f(r) and g(z,%), g_(t,z,2,€) be C? functions such that
f0)=0#f(0), g-(t,x,8,8) = g (t+ (1 + &), x, &, €) and

/ g(sint, cost) costdt # 0.
0
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Suppose, also, that the function
0

M(7) = / g—(t+ 7,sint, cost,0) sin tdt
—T

has a simple zero at T = 0. Then, for € > 0, e=>0-sufficiently small the singu-
larly perturbed system

e2i+a=f(x®>+ 2% —Dg(x,2) ifr>0
i4x=ceg_(t,x,z,¢) ifx <0

has a (1 4 e)m—periodic solution orbitally near the set {(sint,cost) | —m <t <
T}
To get a second example, we change the above as follows: we take
Q, ={(z,4) | v <0, >0}, and Q_ =R*\ Q,
with equations:

i+x=eg_(t,x,z,e) for (z,z)€ Q_

e2i 42z + 322 =0 for (z,%) € Q4.

It should be noted that the discontinuity line is the union of the two half lines
{z =0, © > 0} and {z < 0, # = 0} which is not C'. However, all results
hold true as long as we remain outside a (small) neighbourhood neighborhood
of (0,0).

The unperturbed equation on €2_ has the solutions:

—cost
sint

ity =la+) (), Jrsi<o

with g_(0,a) = —(a-+1) (é) and ¢_ (—37,a) = (a+1) G’) . Then ¢4 (T4 (a), @) =

Z+(taa)

R(q-(0,«)) is the value of the solution <%+(t’ a)> of —

3
5¢+2m+§x2 =0, z(0)=—-(1+a), #(0)=0

at the time T (o) where z (T (), a) = 0. Since the equation has the Hamilto-

nian H (z,3) = #% + (z + 2)a? i = #2-we see that 2, (¢, «)
satisfies +

22+ (2(t) +2)22(t) = (1 — a)(1 + a)?, 2(0) = -1 —q, (6.5)
and hence +—

Rla-(0.0) = as(Te(@).0) = (1, o=z ) (6.6)
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We observe that T9 is the first positive time such that z(T9) = 0 where z(t) =
z4(t, 1) is the solution of

P24 (x4+2)22 =1, z2(0)= -1,

hence —

~ 1.88292. (6.7)

70 :/0 dz
+ —1 /1 —22%(z+2)

More related results are derived in Section 7.1.
Then equations (6.2) have to be changed to +

But —

R(q-(0,a)) — Q—(—gm a)=(1+a) (x/% - 1)

and (6.8) easily follows. Now we compute the variational equation and the
Poincaré-Melnikov function. From (6.6) and ¢_(0,a) = (~(@*V) it follows

qfé%a}%@%—“%%—fewmat we can take

R(z1,22) = (—:cn/?m>

®a-0.0)= (" ¢).

_1
2

from which we get +—

2
Note &+ 22+ 322 = 0 has a homoclinic solution —2 (3 tanh {%} — 1), so the

solution ¢, (¢, ) is a part of a periodic solution inside of Q, bounded by the
homoclinic one (see Figure 1). Then, since in a neighborhood of ¢_ (—2m,0) =

-1.0 -0.5 0.0 0.5 1.0

Figure 1: The upper parts of homoclinic and periodic orbits of & + 2x + %.ZQ =0.
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(9) we have G(z1,22) = —x1 we get +—

oo (3)- ()

Finally, since the equations on {2 can be written as

.’kl = T2
.’kg = 721‘1 — %1’%

we get +—

o (Tla).a)) = £.0. 0+ avT=a) = (THORT70),

Putting all together we see that the adjoint variational system reads:

w4+w=0

() - (3] =0 B0~ g
) B G R C D i I e
§)=0 v=0.

AN
(5«
The first three equations give the boundary value problem

w—+w =0, 21b(0)w<27r> =0

possessing the unique solution (up to a multiplicative constant) w(t) = cost
which gives

' =0, " =0, P = —1

and, since g4 (t,z,e) = 0, the Poincaré-Melnikov function is

0
M(7) = / g—(t+ 7, —cost,sint,0) costdt. (6.9)

.
2
We conclude with the following. +—

Corollary 6.2. Let T? be as in equation £¢—(6.7), g_(t,z,i,€) be a (T +
eT?)—periodic, C? function and suppose that the function (6.9) has a simple
zero at T = 0. Then, for e > 0, =>8-sufficiently small the singularly perturbed
system

e2i+20+32°=0  ifz<0andi >0
P4 x=ecg_(t,r,&,e) elsewhere

has a (7 +€TY)—periodic solution orbitally near the set {(—cost,sint) | =37 <
<0} U{(+(1,0), 22 (6,0) [ 0 < £ < T9).
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As an example of the second situation, we consider the case where f (z) =

fo(@)=—2,Q_ ={(x,2) |z < 0}, @ = {(z.4) | = > 0}, O ={{ai}-{2>0)
i.e., we take

2 . .
e“t+x=0 ifx>0

{ i+x=eg_(t,x,z,e) ifzx<0 (6.10)

where g_(t,z,i,¢) is a (1 + &)r—periodic, C? function. Since
sint
— <t <
g+ (t,a) = (o + ap) (cost>’ 0<t<m

we get (o) = —a—a for any « in a neighborhood of &« = 0 and ¢ > 0. Hence,

we are in the degenerate case considered in Section 5. The adjoint variational
equation along ¢_ (¢, o) reads now:—

w+w=0

w(0) + w(—m) =0
" =w(—m)
—(a+ag)y’ =0
1 = —(—m) — .

The first two equations have the two-dimensional twe—dimensienal—family of
solutions w(t) = ccos(t + tg). We take the two independent solutions: wy (t) =
cost and wo(t) = sint with the corresponding vectors:

/1/:_17 ¢11:Oa Tﬂil)zo
2
y=0, =0 o¥=1.

With ¢, (¢, z,&,e) = 0 (which implies R(7; &, ) is independent of ) the Poincaré-
Melnikov vector is then :+—

0
/g,(t—kT,asint,acost,O)costdt
M(a,7)=|77F
/g_(t+T,o¢sint,acost70)sintdt

—T

Then we obtain the following corollary. +—

Corollary 6.3. Let g_(t,z,%,¢) be a (1 + &)m—periodic, C* function and sup-
pose that M(a,T) has a simple zero at « = «g, 7 = 0. Then the singularly
perturbed system (6.10) has a (1 + e)m—periodic solution orbitally near the set
{(sint,cost) | -7 <t < 7}

7 Appendix
7.1 Further properties of the solution of (6.5)
From the identity

(o) + (21 (ta) +2)27 (a) = (1 — a) (1 +a)?
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we derive '
22 (t, o)

(1 —a)(1+a)* = (24(t,a) +2)23 (1, @)

=1. (7.1)
Note that

1-a)l+a)?—(z+2)2>=-1+a+2z)(-1+a®+z—ax+z?)
=(Aq — ) (z — By) (x — Cy),

where
1 ~ 90 — 302
A, = —|—a—|—\/; « 3a) B, ——1-a,
-1 — b5 —2a — 3a2
C. — + « « «

2

and, for « sufficiently small, (in fact for a € (—1, %))
Ay, >0> B, > C,.

Using formula 3.131.5 in [8, p.254 page254-] we know that, for any A > u >

B>C:
_ 2F(k,p)

“ dx
/B VA-—)(z—B)x-C) VA-C

R (A= C)(u— B) _ |A-B
K := arcsin m, p= Y

and F is the elliptic integral of the first kind.
Next note —1 —a < zy(t,a) < 0, 24(t,a) > 0 for t € [0,74(«)] and
24(0,a) = -1 —«, 24 (T (o), ) = 0. Hence, (7.1) gives

where

Ty (@) Ty (@) 2 (t, )
Ty (o) = dt = =
" /0 /0 \/(1 —a)(1+a)? — (z4(t,a) +2)23 (¢, @)
0 dx 2F(ﬁo¢;po¢)

" Jp. JAn —9)(@ B - Ca) VA.-Ca

where
. 10 + 6cx
Kq = arcsin
5+ 3a + 3vV5 — 2o — 3a?
1430+ V5 —2a — 3a?
“ 21— a)(5+3a)
So,

2F (Ko Da)
V5 —2a — 302’

Ty (a) =
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We are interested in @ = 0. Then
10 V146
s+avs| T VYR

. 10 V1+V5
2F (arcsm [ 5+3\/5} NG
V5
On the other hand, by (6.7), we directly verify that 7' (0) = 1.88292 by a
numerical integration. But we derived (7.2) to get an explicit formula for T’ (0)
and in general for T (a).
Furthermore, the above computations also give

Ko = arcsin

and hence

(7.2)

T, (0) = ) = 1.88292.

2 (ta)
= / . V(Ao x)(xdx Bz _Co) 5150(_5 ;S)_’];ﬁ 7-3)
for any 0 < ¢ < T (a) and
Ka(t) =
|, \/ (=) 3a)(1+a+2(ta) ] |
(1+3a+v5—2a—3a2)(1—a+5—2a—3a2 + 2z, (t,a))
(7.4)

Solving (7.3), we obtain

t
Ko (t) = am <\4/5 — 20— 30425,1)0)
where am is the Jacobi amplitude function. Solving (7.4), we obtain

2t (ta a) =

(1+a) (=34 V5 —2a —302 —3a(—1+ Hq(t)) + (3 + V5 — 2 — 3a2) Hul(t))

1—Vb—=2a—3a? —3a(—1+ H,(t)) — Ha(t) — V5 — 200 — 302 H,, (t)
(7.5)

Ho () = cos(ia () = cn? <<‘/5 “%a- 3042%, pa) (7.6)

where cn is the Jacobi elliptic function. Formulas (7.5) and (7.6) give explicit
solution z (¢, ). For av = 0, we derive a=-0-we-derive—

for

2
V1+vs
_3+\/5+(3+\/5)cn(45%, VR

2t (ta O) -

1-v5— (1+5)en <\/5; ;;“5>2

B
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We can also compute the Taylor series of (7.7) integrating by series the equation
i+ 2z + 322 = 0 with 2(0) = —1, £(0) = 0. Setting

=—1+Z—t”

we see that the following recurrence condition holds:

n
a Unp—p Ghp 3
n+2 -|- Z n- 'h' —O©Gn+2+2an+§;(2)an7h‘lh:0’

where we set (§) =1 and ap = —1, a1 = 0. Since a; = 0, er=-"6-we see by the

induction that ag; = 0 for any k € N (note that in the product apasgi1-p
one of the two indexes is odd). So,

o t2n
t) =-1 + Z GQnW
n=1

and

3 n
Aa(n+1) + 2020 + 5 Z (311) aa(n—nyazn = 0.

h=0
For the first few indexes, we get
1 9 7

Ay = a4 = > ag =a4 —9a5 = ——, ag = ag — 4dbazsas = —13,

ajp — ag — 84&2&6 — 105&2 = T a2 = a190 — 135&2&8 — 630&4&6 = 1463
so that:

1 1 7 13 137 1463
t,0)=—1 t? I 10— =84 —— 10 g2

#+(t,0) Toat et Tae Tt oot Tttt

On the other hand, using Mathematica, we can expand (7.7) to get

21 (8.0) = 71+t2 +ﬁf 76 B 13¢8 N 137¢10 N 19¢12 N 2531¢14
o 4 48 2830 40320 14515200 6220800 = 63402393600
82291¢16 179107¢'8 1972291¢20

3804143616000  166295420928000 i 17013300756480000 teen

which coincides with our above analytical expansion.

7.2 Proof of Theorem 3.2
Here, we prove Theorem 3.2. We emphasize the fact that proof mainly follows
the idea in [15, Theorem 4.1].
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Proof. The existence part is quite standard so we sketch it and give empha-
sis to the proof of invertibility of D1F(z(¢),¢) for € # 0. Since F(£(n),0) = 0,

(&), 0) = bwe get L)€' (1) = 0 and, differentiating twice, DIF(&(), 0) (€' (1), £'(1)) +
L(p)&" (1) = 0. As a consequence, &' (u) € N'L(p) and

D?F(&(1),0) (v, w) € RL(p) for any v, w € N'L(p).

Let II(p) : Y — RL(u) as in the statement of the theorem. We write 2 =
2+ &(u), with z € NL(u)*. Applying the Implicit Function Theorem to
the map (z,p.€) = H(u)F(z + &£(p). &), {esprer—rHpHa—t-{e-we get
the existence of a unique C?—solution z = z(u,e) € N'L(u)* of the equation
II(p) F(z 4+ &(p), ) = 0. From uniqueness, we obtain also

z(p,0) = 0.
Next, differentiating the equality TI(u) F(z (i, €) +&£(p), €) = 0 with respect to u

and to € at (p,0), {0)-we get:

() L) [2 (2, 0) + &' ()] = 0 = 2, (1, 0) € N'L(p);
I(p) [L(p2) 22 (11, 0) + D2 F(€(p), 0)] = 0 = L(p)ze(p1,0) = —I(p) D2 F'(§(1), 0)

Next, for e # 0, equation [I — II(u)]F(z(u,e) + (), e) = 0 is equivalent to
eI — TL(w)|F(2(p,€) + &€(p),e) = 0, but the Lh.s. tends, for ¢ — 0 to [I —
II(1)] D2 F(&(pe),0) which gives the Poincaré-Melnikov condition. We conclude
that, if the Poincaré-Melnikov condition is satisfied, for ¢ # 0 (small) there
exists a unique solution of equation F(z,e) = 0, x = x(g) = z(u(e),e) +&(u(e)),
with 1(0) = 0.

Now we prove the invertibility of Dy F(x(e),e). Since D1 F(z(¢g), ) is Fredholm
with index zero, it is enough to prove that equation D, F(z(e),e)z = 0 has, for
¢ # 0, the unique solution z = 0. Although F(z,¢) := D1F(z(¢),e)z is only
C' with respect to e, it is linear in z. Thus, we can still apply the existence
and uniqueness argument given above. Of course ,F(z,0) vanishes on the linear
subspace M := {z € NL(0)}, M-={=c NL{B}}and clearly N'D,F(z,0) =
{z € NL(0)}. Next RD;F(z,0) = RL(0) so that II(x) = II(0). Thus, from
the existence and uniqueness result it follows that N'DyF(x(e),e) = {0} if the
following condition is satisfied:

z € NL(0) and [I —TI(0)][DiF(0,0)2’(0) + D1 D2F(0,0)]z =0 = 2 = 0.
On account of z(g) = z(u(e), &) + &(u(e)) we are led to look at the solutions of
[I—11(0)] [DIF(0,0)(2,(0,0)1'(0) + 2:(0,0) + &' (0)1 (0)) + D1 D2 F(0,0)] 2 = 0
with z € N'L(0). From the previous remarks, we get:

D3F(0,0)(2,(0,0)1'(0),2) € RL(0) and DiF(0,0)(&(0)i(0),2) € RL(0)

for any z € N'L(0), since z,(0,0)'(0), &' (0)1/(0) € N'L(0)). So, the claim to be
proved is +—

[I - 11(0)] [DF(0,0)2(0,0) + D1 D2 F(0,0)] £'(0) # 0
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where we have replaced z with £(0) since N'L(0) = span{¢'(0)}. Now we
differentiate the equality

L(p)ze(p,0) = =IL(p) D2 F(§ (), 0) = M(p) — D2 F(§(1), 0)
with respect to 1 at =0 to get—
DIF(0,0)z:(0,0)¢'(0) + L(0)2.(0,0) = M'(0) — D1 D2 F(0,0)€'(0).
Hence, +
[ —11(0)] [D7F(0,0)z(0,0) + D1 D2 F(0,0)] £'(0) = [I — I1(0)]M'(0) # 0

since, from [I — I(u)]M(n) = M(un) and M(0) = 0 we get [I — II(0)]M’(0)
M'(0). The proof of Theorem 3.2 is complete.
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