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In this paper we establish the existence of two nontrivial weak solutions of possibly de-
generate nonlinear eigenvalue problems involving the p—polyharmonic Kirchhoff operator
in bounded domains. The p—polyharmonic operators A,{“ were recently introduced in [1]
for all orders L and independently, in the same volume of the journal, in [2] only for L
even. In Section 3 the results are then extended to non—degenerate p(x)—polyharmonic
Kirchhoff operators. The main tool of the paper is a three critical points theorem given
in [3]. Several useful properties of the underlying functional solution space [VVOL’ZD(Q)]d7
endowed with the natural norm arising from the variational structure of the problem, are
also proved both in the homogeneous case p = Const. and in the non—homogeneous case
p = p(x). In the latter some sufficient conditions on the variable exponent p are given to
prove the positivity of the infimum A1 of the Rayleigh quotient for the p(z)—polyharmonic
operator A;[;(z)'
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1. Introduction

The three critical points theorems due to Pucci and Serrin [4,5] and to Ricceri [6)
have been extensively applied in several problems involving differential equations
with a real parameter. For applications we refer to the recent book by Kristdly,
Radulescu and Varga [7] and the references therein. Arcoya and Carmona extended
in [8, Theorem 3.4] the results of Pucciand Serrin to a wide class of continuous func-
tionals not necessarily differentiable. A slightly modified version of [8, Theorem 3.4]
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has been recently established in [3, Theorem 2.1], and applied to an eigenvalue

problem involving a divergence type operator. In this paper we use Theorem 2.1

of [3] in order to extend the previous results to non—local higher order problems.
First, we consider the eigenvalue p—Kirchhoff Dirichlet problem

{MmumA&nawwm%l%umm%%+fuw» in Q,

1.1
Do‘uk|89:0 for all a, with |o| < L —1,and all k =1,...,d, (L)

where 2 C R" is a bounded domain, n > 1, u = (uq,...,uq) = u(z),d >1, p> 1,
L=1,2,..., A€ R, o is a multi-index, v € [1,p} /p) and p} is the critical Sobolev
exponent
P , if n > Lp,
p={n—Lp (1.2
0, if 1 <n< Lp.

The vectorial p—polyharmonic operator Aﬁ is defined by

_ {DL(DL@P"?DL@), if L = 2j,

AL
’ —div {ATTL (|DLeP~?Dre)}, if L=2j-1,

p for j=1,2,...,

for all ¢ = (¢1,...,94) € [ ()], where Dy, denotes the vectorial operator

wz{(Aj%"“’N‘Pd)’ if L = 2j,

- - ] ] forj=1,2,.... (1.3)
(DAY Yoy, , DAY Lpy), fL=25—1,

For all € Q the vector Dpp(x) has dimension d if L is even or dn if L is odd and,
in both cases, the dimension is simply denoted by N. The vectorial p—polyharmonic
operator A in the weak sense is

<A£u,cp> = / |DrulP~?Dru - Dy dx
Q

for all u, ¢ € [W P (Q)]%.

When d = 1 the scalar p—polyharmonic operator Ag was first introduced in [1]
forall L > 1 and p > 1. In the scalar case Ag is exactly the well-known p-biharmonic
operator Afﬂ/f = A(JAy[P=2Ae) for all ¥ € C5°(€2) defined in the pioneering paper
[9] by Kratochvl and Necds; see also [10] by Drdbek and Otani. In [2] Lubyshev proved
the existence of multiple solutions of a nonlinear Dirichlet problem governed by the
scalar operator AL only for L even.

In the 2-dimensional scalar case (1.1) arises from the theory of thin plates
and describes the deflection u = u(x1,x2) of the middle surface of a p-power—like
elastic isotropic flat plate of uniform thickness, with non—local flexural rigidity of
the plate M(||u||?) depending continuously on ||u||P of the deflection u and subject
to nonlinear source forces. The coordinates (x1, z2) are taken in the plane x5 = 0 of
the middle surface of the plate before bending. For other scalar problems modeled by
(1.1) we refer to the Introduction of [1]. For more standard polyharmonic problems
we mention the recent monograph [11].



November 7, 2013 18:38 WSPC/INSTRUCTION FILE ACP'CCM

Higher order p—Kirchhoff problems 3

Problem (1.1) is a nonlinear perturbation of the natural eigenvalue problem
associated to the non-local higher order operator M (||u|/?)Alu. The perturbation
f: QxR — R4 is a Carathéodory function, with growth at infinity ¢, 1 < ¢ < p.
The main assumption (F) on f is stated in Section 3.1. The weight w is positive
a.e. in Q and

n

w e L7(Q), w > (1.4)

n—q[n — Lp|*
Restriction (1.4) is meaningful, being v € [1,p] /p).

The Kirchhoff function M : R — R{ is assumed to verify the general structural
assumption

(M) M is continuous, non—decreasing and there exists s > 0 such that

syt? < TM(1) for all T € RT.

From now on, we denote by (1) = / M (z)dz for all 7 € R{. Problem (1.1) is

0
called degenerate if M (0) = 0, otherwise, if M (0) > 0, it is non—degenerate.
The standard Kirchhoff function introduced in [12] is

M(r)=a+byr"™', a,b>0, a+b>0, with
{6 (1,p}/p), ifb>0, {b, ith> 0,
,

—1, ith=0, “\a ifb=o,

which clearly verifies condition (M). For such M’s (1.1) is degenerate if a = 0 and
b > 0, and non—degenerate when a > 0 and b > 0. Finally, when a > 0 and b = 0, the
Kirchhoff function M is simply a constant and (1.1) reduces to a local quasilinear
elliptic Dirichlet problem.

In Theorem 2.1 we determine precisely the interval of A’s for which (1.1) has
only the trivial solution and then, using the three critical points Theorem 2.1 of [3],
the interval of A’s for which (1.1) admits at least two nontrivial solutions. The main
difficult point of Sections 2.3 and 2.4 is to cover the more delicate degenerate case, in
which compactness properties are harder to handle. For this reason, even the most
recent papers on stationary problems cover only the non—degenerate case, where
v =1in (M), that is when M(7) > s > 0 for all 7 € R{; see e.g. [13,14,15]. The
efforts in treating the degenerate case require a special care and a deeper analysis,
as the main proof of Lemma 2.3 shows. A preliminary study of AIE only when
d = 1 has been first developed in [1], where a possibly degenerate scalar stationary
p—polyharmonic Kirchhoff Dirichlet problem has been considered.

In the higher order vectorial setting several different norms are available for the
solution functional space [WOL P(Q)]4. In Section 2.1 we prove the equivalence be-
tween the standard Sobolev norm and the norm ||u|| = || |Dru|n ||p, which is the nat-
ural norm arising from the variational structure of problem (1.1). The proof of the
equivalence is based on the Poincaré and Caldéron—Zygmund inequalities and relies
on Proposition A.1 proved in [1] when d = 1. However, the space ([WZ?(Q)]%,]- )
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is uniformly convex, as shown in Proposition Appendix A.2 by a useful inequality
given in Lemma A.1 of [16].

We conclude Section 2.4 with the easier problem (2.27), which is the main model
first treated in [17] when M =1, L = d =1 and p > 2, and in which the right-hand
side of the system presents only the term Af(z,u). Theorem 2.2, an analogue of
Theorem 2.1, is proved under a simpler and more direct condition on f and without
the use of the first eigenfunction of AIE.

In Section 2.5 we assume that v = 1, that is we deal with the non-degenerate
case of (1.1), being M(7) > s > 0 for all 7 € R} by (M). Hence, Section 2.5 is
devoted to the study of the special higher order p—Kirchhoff problem

{M<||u|p>A5u = Mw(@) ul?~u+ f(,u)} Qo

Dauk‘aQ =0 for all a, with |a] < L —1,and all k =1,...,d,

where here w satisfies (1.4), with v = 1.
In Section 3 we extend the results of Section 2.5 to the p(z)-polyharmonic

Kirchhoff problem
M (S () Ay = Moo () [ufP )2+ f(,u)} Qe
D, =0 for all o, with |o| <L —1,and all k =1,....d, '
where now Q C R” is a bounded domain with Lipschitz boundary and
D;ulP®
I (u) = / %dl‘ (1.7)
o p@)

is the Dirichlet functional associated to the weak form of Aﬁ(i), that is related to
(@Lyusp) = [ [DLaP 2Dy Dypds
Q

for all u, ¢ € [WOL P (')(Q)]d. The solution functional space is the vector—valued
variable exponent Sobolev space [WOL P (')(Q)]d, which in the scalar case d = 1 has
been extensively studied in the last two decades, see [18]-[22]. Indeed, the vari-
able exponent Lebesgue and Sobolev spaces arouse a great interest not only for the
mathematical curiosity, but also for concrete applications. For instance, in mod-
els where linear elasticity (Hooke’s law) is replaced by p(x)-power-like elasticity.
Problem (1.6) can be used in modeling steady electrorheological fluids (that is flu-
ids whose mechanical properties strongly depend on the applied electromagnetic
field). See [23] and also [24] for more specific comments. The range of applications
of electrorheological fluids is wide and includes vibration absorbers, engine mounts,
earthquake-resistant buildings, clutches, etc.

However, the vectorial case does not seem to be so well-known, so that we
present the main properties of [WOL P (')(Q)}d in Section 3 and in Appendix B.

We require that the variable exponent p is of a specific class Cy () defined in
Setion 3 and satisfies all the standard assumptions usually required in this setting.
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For simplicity, we also assume that

n
either — > py = maxp or < p_ =minp.
L Q Q

S

The weight w is positive a.e. in Q and of class L% (), with @ > n/(n—[n—Lp_]T).
Furthermore, the most interesting case occurs when p_ < p, that is in the so—called
nonstandard growth condition of (p—,p+) type; cf. [25]. The main reason why the
p(z)-Laplace operators possess more complicated behavior is the fact that they
are no longer homogeneous. Moreover, the first eigenvalue \; of the p(z)-Laplace
Dirichlet problem could be zero, see [26]. When L = d = 1, Fan et al. in [26],
Mihdilescu et al. in [27] and then Allegretto in [28] give sufficient conditions on p in
order to have A1 > 0. In Section 3, precisely in Propositions 3.1 and 3.2, we carry on
a long discussion on the positivity of the first eigenvalue of the p(z)-polyharmonic
Dirichlet problem when L, d > 1.

Finally, in Theorem 3.1 we determine precisely the interval of A’s for which
problem (1.6) has only the trivial solution and then, using again Theorem 2.1 of [3],
the interval of A’s for which (1.6) admits at least two nontrivial solutions.

2. The main result for (1.1)
2.1. Preliminaries

In the scalar setting, by a = (a1, ..., a,) € NJ we denote a multi-index, with length
la| = > a; < L and the corresponding partial differentiation

N Hlel

Ox{*...0xp"

Throughout this section we assume that 1 < p < oo and denote by WOL P(Q)
the completion of C§°(£2) with respect to the standard norm |[9[wrr) =

1/p
(Spager IDlz)
By the Poincaré and the Caldéron-Zygmund inequalities, Proposition A.1 in [1]

shows that the standard norm || - |lyyz.» (o) and the norm
1A 1], if L =2j, .
[YllLp = W LN 1/p . _ j=12..., (21)
(i 102, A7 | 2) 7, i L=25— 1,

are equivalent in WP (€).

As already stated in the Introduction, since we are in the vectorial setting, we
denote by Dy, the vectorial operator defined in (1.3). Hence, if L = 1, the operator
D, writes the pointwise Jacobian matrix of u, Ju(z) € Mgx,(R), as the dn-row
vector Dyu(z) € R, Furthermore, for all L =1,2,..., the norm

d 1/p
lulla.p = (Z IIukIIIE,p>
k=1
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in [WP (@))% is equivalent to the standard norm

d 1/p
Jll sy = (Z ||uk||$VL,p<Q)> 7
k=1

as a direct consequence of Proposition A.1 in [1]. Moreover, ([WOL’p(Q)]d, Il - Hd,L,p)
is a uniformly convex Banach space, as shown in Proposition Appendix A.1. How-

ever, since we are interested in the variational problem (1.1), from now on we endow
the space [WP(Q)])% with the norm

[ull = Il 1Pruly lIp,

where | - | denotes the Euclidean norm in RY and N = d when L is even, while
N = dn when L is odd. As shown in Proposition Appendix A.2, also the space
([WOL PO - ||) is uniformly conver. An easy calculation shows that the two

norms ||-||a.zp and || - || are equivalent in [W*(€2)]%. Indeed, for all u € [W*(2)]¢
min{1, Nv =% }Hu|| < [|ullap < max{1, N?~2}[u].

In particular, the two norms coincide whenever either p = 2, or N = 1.

The Lebesgue spaces [L7 (Q)]™ and [L? (2, w)]™, where o > 1, w is any weight on
Q2 and m > 1 is any dimension, are endowed with the norms ||¢||m,c = || |¢|m||s and
lellm.ow = I l@lmllow, respectively. When m = 1 the norm is denoted by [|¢]|sw-
The dot - indicates the inner product and |- |,, denotes the Euclidean norm in R™.
In what follows, when the dimension is clear from the context, we drop the subscript
m and denote the m—Euclidean norm simply by | - |.

As already noted in the Introduction, the main assumption

1 <y <pj/p implies that w >n/(n—~v[n— Lp|") > 1,
by (1.4). When n > Lp then
@' <n/y(n— Lp), thatis ~p<p} /@, (2.2)

this will be useful in the next lemma. For simplicity in notation, whenever the
embedding operator i : [WiP(Q)]¢ — [L7(Q,w)]¢ is continuous, we denote by
Sa.ow > 0 the best constant such that [|u]|d.s.. < Sg.ewllul| for all u e [Wy P (Q)]4,
that is Sg,»,w is the operator norm of 7. If d = 1 and w = 1, we briefly write S,.
Furthermore, whenever p} = oo, the symbol p} /@’ is again oco.

Lemma 2.1. The following embeddings hold.
(i) (W P ()4 = [L7(Q,w)]* compactly, if o € [1,7p].
(44) [WOL’p(Q)]d — [Lo(Q,w)]? continuously, if o € (yp,p} /).

Proof. (i) The space WOL’p(Q) is compactly embedded into L® 7 (), being w'o <
pi by (1.2) and (2.2). Similarly, L= ?(Q) is continuously embedded in L?(Q,w)
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by Holder’s inequality and (1.4). Hence, ([WOL’p(Q)]d, Il - H) is compactly embedded

into ([L7(Q,w)]% | - la,ew), being || - || equivalent to || - |[q,rp in [WOL”’(Q)]d as
observed above.

(17) By Holder’s inequality, for all 1) € W({“ P(Q)

111g 0 < 1209wl 1

< Clly|7,

g
PL
where C' = Sy, |Q|"Z|jwl|| and g is the crucial exponent

=P if

— n > Lp,
p = pL — 0w
w’, if 1 <n < Lp.
Clearly p > 1, being o < p} /w’. The conclusion now follows as in (4). |

Let us now turn to the main problem (1.1) and let

[[u][”

A= inf L (2.3)
wewE @) 1ullf
u#0
be the first eigenvalue of
ALu = Nw(z)|ulP~?u in £,
D%ug| e, =0 for all a, with |o| < L —1,and all k = 1,...,d.

Clearly, A; is well defined since the embedding [WP(Q)]? < [LP(Q,w)]? is
compact, as shown in Lemma 2.1—(%).

Proposition 2.1. The infimum A\ in (2.3) is positive and attained at a certain
function uy € [WEP(Q)), with |Jur||apw = 1.

Proof. For any u € [Wi?(Q)]? define the functionals Z(u) = [|ul|? and J(u) =
[ullf .- Let Ao = inf{Z(u)/T (u) : u € [WOL’p(Q)]d \ {0}, [Jullgp,w < 1}. Observe
that Z and J are continuously Fréchet differentiable and convex in [WOL P(Q)]4.
Clearly 7'(0) = J'(0) = 0. Moreover, J'(u) = 0 implies v = 0. In particular,
Z and J are weakly lower semi-continuous on [WOL P(Q)]4. Actually, J is weakly
sequentially continuous on [Wy"?(Q)]%. Indeed, if (u)x C [WyP(Q)]? and ug — u
in [WOL”’(Q)]d, then uj, — u in [LP(,w)]? by Lemma 2.1-(7). This implies at once
that J(ur) = ugllly . = lulll,.. = J(u), as claimed.

Now, either W = {u € [WEP(Q)]¢ : J(u) < 1} is bounded in [WEP(Q)]4, or
not. In the first case we are done, while in the latter Z is coercive in W, being
coercive in the reflexive Banach space [WOL P(Q)]¢ (see Proposition Appendix A.2).
Therefore, all the assumptions of Theorem 6.3.2 of [29] are fulfilled and A is attained
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at a point uy € [WP(Q)]4, with [|u1]lap. = 1. We claim now that Ao = A;. Indeed,

u P
A1 = inf _ inf [|e)?
wewE @)\ {0} || 1| d,p,w ue[Wy P (@)
lelld,p,w=1
P
Z inf % = )\0 Z )\1.
wew @) [ullgp 0
0<lulla,p,w<1
Finally, Ay = |lu1||” > 0. This concludes the proof. O
By Lemma 2.1-(i), there exists c,, = S;%  ,, > 0 such that
L,
WullZ2 0 < cxpllull ™ for all u e (WEP() (2.4)

When v =1 in (M) we have ¢, = 1/A\1 > 0 by (2.3).

2.2. The perturbation f

The nonlinearity f verifies the next condition.

(F) Let f : Qx R4 — R, f = f(x,v) £ 0, be a Carathéodory function, which
admits a potential F : Q x R* — R, f = D,F, with F(z,0) = 0 a.e. in €,
satisfying the following properties.

(a) There exist ¢ € (1,vp) and Cy > 0 such that

|f(z,v)] < Crw(x)(L+|v|?") for a.a. x € Q and all v € R

(b) There exists p* € (1p,p}, /') such that limsup L) 0l

S @) o < 00, uniformly

a.e. in Q.

1 [ (N)

F d | —=——-1).

© [ P> 5 (22

Note that, in the more familiar and standard setting in the literature in which

L=~=1and w e L*(Q), the exponent p* in (F)-(b) belongs to the open interval
1 A

(p,p*). Furthermore, in condition (F)—(c), the constant — (jlg\n/l) - 1) is non-—
b SAq

negative thanks to (M). Thus, (F)—(c) is automatic when M =1, s =~ =1 and

F(z,v) >0 a.e. in Q for all v € R?\ {0}.

An ezample of function f: Q x R — R? verifying (F)—(a) and (b) is
ol 20, ol <1,
|v]9~ 20, if |v| > 1,

f(@,0) = w(z) {

with ¢ € (1,7vp), p* € (yp,p}/w’) and w verifying (1.4). More precisely, (F)—(a)
holds with Cy = 1 and (F)—(b) is trivially verified. Finally, F'(z,v) > 0 for a.a.
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r € Q and all v € R?\ {0}. As already noted, this shows that (F)—(c) holds when
M=1and s=v=1.

Following [3], in Section 2.4, we introduce in place of (F)—(c) the weaker as-
sumption (F)—(c)’ much easier to check. It plays the same role for a less involved
problem.

Proposition 2.2. Assume that (F)—(a) and (b) hold. Then f(x,0) = 0 for a.a.

T €,
. F S
Sy = esssup PACOMI €RT and esssup 1F@,0)l <2 (2.5)
v#£0, z€Q w(z )|v|71’ v#£0, zEQ w(x)|u|7p P
Moreover, there exists K > 0 such that
|F(z,0)] < Kw(x)[o"” (2.6)

for a.a. x € Q and all v € R?.

Proof. Assume first by contradiction that there exists A C Q, |A] > 0, such that
|f(x,0)] >0 and w(z) > 0 for all x € A. In particular,

fo) o
jolv0 w(@)[o]P"
for all x € A, contradicting (F)—(b). Hence f(x,0) =0 for a.a. x € Q.
Since F(z,0) =0 a.e. in Q by (F), we assert that

lim sup 1F(z, )l v)|*

w0 w(@)v[P
Indeed, by (F)-(b) there exist £ > 0 and ¢ > 0 such that
|F({I?7’U)| < /1 |f((E7t’U) i t’U‘

w(x)[vP” = Jo o w(z)[tu[””

for all v € R%, with 0 < |v| < §, and uniformly a.e. in Q. This implies (2.7).
Clearly, Sy defined in (2.5) is positive, being f # 0. We claim that Sy < oc.
Indeed, uniformly a.e. in

o) o] o [l ol
B @l %o | w(@) el

by (F)—(b) and the fact that yp < p*. Moreover, |f(x,v)-v|/w(z)[v|"? < 2C¢|v[9~7P
for a.a. z € Q and all |v| > 1 by (F)—(a), that is

|f(,0) -0

|v\~>oo U)( )|’U|ﬂ7p

={lp < oo uniformly a.e. in . (2.7)

* E
P dt < o

=0 uniformly a.e. in Q,
since g < yp. This shows the claim.
Condition (2.5); implies at once (2.5)2, since

1
|F(J},U)| < / |f(x7tv)'tv|t'yp—1dt§ &
w(@)|vr = Jo  w(z)[to]rP P
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for a.a. v € Q and all v € R?\ {0}.
Finally, by (2.7) there exists § > 0 such that |F(z,v)| < (fo + Dw(z)|v|"" for
a.a. z € Q and all v, with 0 < |v| < §. Fix v, with |v| > J, then by (2.5) for a.a.

x €
Sy . . SpeveRt .
F(z,v)| < =L |"P7P w(a)|v|P < ZL—w(z)|v|?,
|F(@, )| 7p|| (@) o (@)|v]
being p* € (vyp,p} /w’) by (F)—(b). Hence, taking K = max{ly + 1,Sf<5w—p*/’yp},
we get (2.6). O

Now we are ready to introduce the crucial positive number

syA]

A= —5——,
v+ ey SEA

(2.8)

which is well defined by (2.4), and Propositions 2.1 and 2.2. In passing, we point
out that A, coincides with the same parameter A, of [3], when d = s =~y =1 and
M =1, see (2.4).

2.3. Some lemmas

In this subsection we present some auxiliary results which are useful in applying
Theorem Appendix A.1 to (1.1). In what follows, the dual space of [WE?(Q)]¢ is

denoted by ([W()L"”(Q)]d)*.
Lemma 2.2. The functional ® : [WOL”’(Q)]d — R, defined by

B(u) = ]%/mnunp) (2.9)

is convex, weakly lower semi—continuous in [Wy P (Q)]% and of class C*([W P (Q)]9).
*
Moreover, ® : [WEP(Q)]4 — ([WOL’p(Q)]d) verifies the (1) condition, i.e.
for every sequence (up)x C [WEP(Q)]? such that u, — u in [WP ()] and

lim sup M(||uk||p)/ |Drug|P~*Druy, - (Pruy — Dpu)dx < 0, (2.10)
o

k—o0

then uy, — u in [WP (€))%,

Proof. A simple calculation shows that ® is convex in [WX?(Q)]4, since . is
convex and monotone non-decreasing in R by (M). Moreover, we claim that
® e CHIWEP(Q)]?). Indeed, ® is Gateaux differentiable in [W*(€2)]¢ and for all
u,v € [Wy P (Q))4

(@' (u),v) = M(||qu)/Q |DrulP™?Dru - Dyv da.
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Now, let u, (ug)x C [WEP (€))% be such that uy, — u in [W P (Q)]? as k — co. We
claim that

19" (uk) — @' (W)l = sup  [{®'(ux) — P’ (u),v)] = o(1)
vE[VlroL”’p(Q)]d
v||=1

as k — oco. By Hdlder’s inequality
(@' (ur) — @' (u), v)|
S HM(||uk||p)|DLuk|p_2DLuk — M(||UHP)|DLU|I)_2DLUHN’p, HDL’UHN,Z).

Hence
19" (ur) — @' (u) |+

2.11
< [ M) Dy~ Dyw — M(Jul?) Dyl *Dra] . Y

Fix now a subsequence (ug;); of (ug)k. Clearly, ux, — u in (WP ()] and so
Drug, — Dru in [LP(Q)]Y as j — oo, where as usual N = d if L is even and
N =dn if L is odd. By Lemma Appendix A.1, with m = N, 0 = p and w = 1, there
exist a subsequence of (uy;);, still denoted by (u,);, and an appropriate function
h € LP(Q) such that a.e. in Q we get that Dyuy, — Druas j — oo and [Dpug,| < h
for all j € N. Thus,

| (Jur, |P) Dy, P~ Dy, — M([jul|P) Dl Dy
< 2 M (Jfun, |7) D, P17+ (M) D) |
< (2K)*'n? € LY(Q),
where K = sup; M(||ug,||’) < oo, being (ug)r convergent and so bounded

in [WP(Q)]% In particular, M (|lug; |[P) — M(||ul|”) by (M). Furthermore,
|DLukj|p_2DLukj — |DrulP~2Dru a.e. in Q. Therefore,

| M (i 1) P [P~* D ag; = M([[ulP)[ Dy~ Dyl
< K|[Dpuk, [P~*Drur, — | Drul’*Drul + |M(|fug, |7) =M (|[u]]?)] - |Druf*~!
— 0 a.e. in Q, as j — oo.
Applying the Lebesgue dominated convergence theorem, we obtain as j — oo
1M (Nl 7)1 Dpun, [P~*Drug, — M(||ullP) | Prul’~*Drull vy — 0. (2.12)

Actually, (2.12) holds for the entire sequence (ug)r and this implies the claim, by
virtue of (2.11).

Therefore ® is of class C1([W P ()]%). In particular, ® is weakly lower semi-
continuous in [W*(9)]4, by Corollary 3.9 of [30].

Let us now prove the (%) condition. Let (uy)r C [WOL’p(Q)]d be such that
ug — u in [WOL”’(Q)]d and (2.10) holds. Since ug — u, then

klim M(||u||p)/ |DrulP*Dru - Dy (up, — u)dx = 0, (2.13)
— 00 Q
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being [DpulP~2Dru € [L¥' (Q2)]N. Hence (2.10) is equivalent to

nmsup/[M(Huk|\p)|pwk\p*2@wk ~ M(Jul]?)|DrulP~ 2Dy Dy (ug — u)dx < 0.
Q

k—o0

Since . (|| - ||?) is convex in [W,F(€2)]%, then
[M(|lur ") DrukP~*Drug — M([[u||?)[PrulP~*Dru] - Dy (ug —u) = 0.
Therefore

lim [ [M(wglP)Dru|P">Drug — M(|[ul|?)[DpuP~>Dru] - Dp(wy — u)dz = 0.

k—o0 Q
This implies by (2.13)
klim M(||uk\|p)/ |DrunP*Drus, - Di(ug, — u) dz = 0. (2.14)
—00 Q
Now, two cases arise.
Case u # 0. By the weak lower semi—continuity of the norm, we get
0<ul < limkinf lugl = ¢

and consequently there exists K € N such that [Jug| > £/2 > 0 for all £ > K.
Hence, by condition (M)

M(||ugll?) > k>0 forall k> K, (2.15)
with s = sy(¢/2)?~1). Thus, by (2.14) and (2.15), we have

lim / |'DLuk‘p_2DLuk - Dr(up, —u)dz = 0. (2.16)
k—oo Jq
By convexity
IDLul?, +p/ Drunl Dy - Dy up — wde > [Dpugllly,.  (217)
Q

Therefore, combining together (2.16), (2.17) and the weak lower semi—continuity of
the norm, we have

p : p : : p p
IPrullly,, 2 limsup [[Druglly,, = iminf [Drukly, 2 [[Prully,,.

T koo T -
In other words,
Jim | = [ (2.18)
—00
Since [WOL P(Q)]¢ is uniformly convex by Proposition Appendix A.2, we immediately
get from (2.18) and the weak convergence uj; — u, that

lim |lug —ul =0,
k— o0

as required.
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Case u = 0. Suppose first by contradiction that
0 = ||Ju|| < liminf |jug. (2.19)
k—o0
As before, (2.15) holds. Hence, proceeding as in the previous case, we conclude that
limy, ug, = 0, which contradicts (2.19). Therefore, the only possible case is
0=u| = limkinf [l
Assume now by contradiction that

L = limsup |Jug|| > hmlnf lug || = [Ju|| = 0. (2.20)

k— o0

In particular, there exist a subsequence (ug;); of (ug)x and K € N such that
L =1lim; 00 [Jug, || and

M(|lug; ||P) > x>0 forall j > K,

where k = sv(£/2)P(7~1). Consequently, the argument from (2.15) to (2.18) along

the subsequence (uyg;); implies that lim; o [|ug, || = 0, which contradicts (2.20).
We have shown also in this case that limsupy_, . |lug]| = lminfy_ o [Jug| =
[u] = 0. In other words u, — 0 in [WX?(€2)]%, as required. m|

Without further mentioning, we assume that (F)—(a) and (F)—(b) hold. The
main result of the section is proved by using the energy functional J) associated
o (1.1), which is given by Jx(u) = ®(u) + A¥(u), where

() = U (u) + o ()
\112 / F x u (2.21)

Clearly, the functional .Jy is well defined in [Wg*(€2)]¢ and of class C* ([W P (€2)]%),
see the proof of Lemma 2.2. Furthermore, for all u, ¢ € [Wi* ()]

(Ja(u), @) ZM(IIUHP)/Q [Dru(@)[P*Dru(z) - Drp(a) do

.\ /Q [l

Therefore, the critical points u € [WL P(Q)]¢ of Jy are exactly the weak solutions

of (1.1).
Using the notation of Appendix A, if ¥(v) < 0 at some v € [W?(Q)]?, then
the crucial positive number

Uy (u) =

—*II B

10 D () u(z) [P~ 2u(x) + f(x7u(x))} - o(x) da.

A =¢1(0)= inf - ,
501( ) UG\I}I}I(I()) \I/(u)

Iy = (—00,0), (2.22)
is well defined.

Lemma 2.3. If f satisfies also (F)—(c), then $=1(Iy) is non-empty and moreover
A <A< sAT.
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Proof. From (F)—(c) it follows that
M (M)
psA]
Hence, (2.22) is meaningful. By (2.23) and Proposition 2.1

p
vl e 200 ) A

wew=1(I)  W(u) = —U(uy) A (\)/psA]

as required. Finally, by (M), (2.3), (2.4), (2.5) and (2.21), for all u € U~1(Iy), we
have

Ulup) < — <0, ie u € ¥ (). (2.23)

Ou) (HUII”)/ S sl|ul”?/p
| (u)] f -1 CypSf
*H ull gl + H ulihpw o llull?+ WHUIIW
- 7‘97)‘¥ —
v+ cypSpAl
Hence, in particular A\* > A,. O

Lemma 2.4. The operators W, W, W : [WEP(Q)¢ — <[W({“’p(Q)]d> are com-

pact and U1, Uy, U are sequentially weakly continuous in [Wy P (€))%,

Proof. Of course, ¥/ = ¥/ + W), where
(W) (u), v) = —y[|ul 57,1 /W(w)Wl”_Qu rvdr and  (Uh(u),v)= —/f(%U) -vdr
Q Q

for all u,v € [WE?(Q)]%. Since ¥, and W) are continuous, thanks to the reflexivity
of [Wy P (Q)]? it is enough to show that ¥/ and ¥ are weakto-strong sequentially
continuous, i.e. if (ur)y, u are in [WP(Q))4 and wp — w in [WEP(Q)]?, then
(19 (ug) — O] (u)||s — 0 and |4 (ur) — Ph(u)|l« — 0 as k — oo. To this aim, fix
(ug)r C [WEP(Q)]?, with uy, — u in [WEP(Q)]%.

First, uy — u in [LP(Q,w)]¢ by Lemma 2.1-(). Therefore, N, (ux) — N, (u) in
[LP (Q, w)]? by Lemma Appendix A.2.

For all v € WP (Q)]%, with |Jv]| = 1, by Hélder’s inequality and (2.3),

(W) (uk) — @7 (u), 0)] < yllus IISZMD/Qw(JU)”p’Wp(uk)—Np(u)lw(x)l/”|v|dx

1
[l 55 = Tl el g
1 1
<€ {INp (k) = Ny (@) laran + Il 55" = N5 20 ol g

< A€ { NG (k) = N )l g + [l 55,7 = [l

d,p,w

|:D(’Y—1) ’}

d,p,w ’
where C = supy, ||uk||§(;;1). Hence, ||¥)(ug) — Vi (u)|lx — 0 as k — oo and ¥} is
compact.
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Similarly, u;, — u in [L9(, w)]? by Lemma 2.1-(i). Thus, Ny (ug) — Ny(u) as
k — oo in [LY (Q, w'/(=9)]4 by Lemma Appendix A.2.
Finally, for all v € [W?(Q)]4, with |jv]| = 1, we have again

(W) = Wy(w) )] < | wlar) NG () = Ny )t/

Q
<INy (uk) = Ny ()l g graor/a-o [0l d,g,w
< SaqwllNy(ur) = Np(u)|l g,qw1/0-a)-

Thus, ||U5(ug) — Wh(u)|l« — 0 as k — oo, that is ¥4 is compact.
Consequently, ¥' = ¥} +W}, is compact, then ¥ is sequentially weakly continuous
by Corollary 41.9 of [31], being [W P (Q)]¢ reflexive. |

Lemma 2.5. The functional Jy(u) = ®(u) + AV(u) is coercive for all X in the
interval (—oo, sA7).

Proof. Fix A € (—00,s)]). Then by (M), (2.3) and (F)(a) for all u € [W P (Q)]%,
with [Jul| > 1,

1 A
Ia(u) > A (Jull?) = =[lull5, ., — IA\/ |F(2, u)|dx
p p Q

> 3 () = ) = WNCs [ (wlul + ) ao

p

+
>1 (s _ Aw) Il = NC; {/ w(z)dz +/ w(@)|u|"dz + 1/w(x)|u|qu}
p A of! Qo qJ0

> (2 AN P — ACy — N Gl
= D )\fly 1 2 )

where 1 = {z € Q: |u(x)] < 1}, Qo = {z € Q : |Ju(z)| > 1}, Ci = C¢|lw|; and
Co = Cf8§7q’w(q + 1)/q. This completes the proof, since 1 < g < vp by (F)—(a). O

2.4. The existence and multiplicity results for (1.1)
Thanks to the results of Section 2.3 all the structural assumptions (H1)—(H4) of

Theorem Appendix A.1 are clearly verified by J). Thus we are now able to prove

Theorem 2.1. Let (F)—(a), (b) hold, and let A, be the number defined in (2.8),
while \* = ¢1(0) < sA] is given in (2.22).

(i) If X €[0,\,), then (1.1) has only the trivial solution.
(#) If furthermore (F)—(c) holds and q € (1,p) in (F)—(a), then (1.1) admits at
least two nontrivial solutions for every XA € (A*, s\]).

Proof. (i) Let u € [WF?(Q)]¢ be a nontrivial weak solution of the problem (1.1),
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then
sl <Ml ol = N [ ol )l + fav) - w)ds
<X (el o+ [ L ofuprac )
< NG, + 7l )

S A(Y + epSeA]) [lull?
by (M), (2.3), (2.4) and (2.5);. Therefore A > \,, as required.

(#4) By Lemmas 2.2-2.5 the functional Jy verifies all the structural assumptions

1 [¢) eorem Appendix A.1l, wit = (—o00,sA{). It remains to show
H1)—(H4) of Th A dix A.1 h I AD). 1 h

.2). We claim that ’ D Ry . Indeed, = 0 and arguing as in the
A.2). We clai h\IIWOLde R, . Indeed, ¥(0) = 0 and i in th
proof of Lemma 2.5, we get the following estimate

/Q Pz, u(z))de

where ¢ = C(1 + ¢)/q. Furthermore, by Holder’s inequality

< cllwlly + lullgq,0),

|(P Q)/P”u

g g0 < llw]

since 1 < ¢ < p and w € L*(Q2), being w > 1 and © bounded. Hence, combining
together the previous inequalities, we get

d,p,w’

W()<—%mew+ﬂMh+ﬂwWFWWMﬂwy

Therefore,

lim U(u) = —o0,
ue[Wy P (@)
N[l p, 0 —00

being g < p < vp. Hence, the claim follows by the continuity of .
In particular, (inf ¥,sup ¥) D Ry . Now, for every u € U—1(I) we have

inf  ®(v) — P(u)

vew—1(r) <I>(u)
< —
P1(r) < U(u) —r - Uu)—r
for all r € (¥(u),0), so that
. (u) -1
lim su r) < — for all w € =" (1),
r_>0—p<pl( ) = \I/(U) ( 0)
in other words,
limsup 1 (r) < p1(0) = A*. (2.24)
r—0—

Now, by Lemma 2.1—(3), the fact that p* < p} /@’ and (2.6),

—_

(W (u)] < =l + Kl pe *IIUIId,p, + Rlu? (2.25)

’U
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for every u € [WEP(Q)]4, where & = KS¥,

dp-w > 0. Therefore, for r < 0 and
vevi(r),

. 1 p\P*/7P
=Sl 2 - e - £(5)
by (M), (2.3), (2.9) and (2.25). By Lemma 2.2 and Proposition Appendix A.2 the
functional ® is bounded below, coercive and lower semi—continuous in the reflexive
Banach space [WOL’p(Q)]d. Hence, it is easy to see that & is also coercive in the
sequentially weakly closed non—empty set W—1(r). Therefore, by Theorem 6.1.1
of [29], there exists an element

r=U) > d(v)P /P (2.26)

>——=|v
pA]

u, € U1(r) such that ®(u,) = inf ®(v).
veY—1(r)

By (A.1) we have

being 0 € ¥=1(I"). From (2.26) we get

. p*/p
1< L ®(ur) + R (E)p /e |r[P"/7P=1 (<I>(ur)>
S

—sA] | Ir|
p*/vp N *
<20 g (B) i ey,
N s

There are now two possibilities to be considered: either 5 is locally bounded at 07,
so that the above inequality shows at once that

liminf pa(r) > sA7,
r—0—

being p* > vp by (F)—(b), or limsup, ;- p2(r) = oo. In both cases (2.24) and
Lemma 2.3 yield that for all integers k > k* = 1 + [2/(sA] — A\*)] there exists a
number 7, < 0 so close to zero that ¢1(rg) < A* + 1/k < sA\] — 1/k < pa(ri),
that is (A.2) holds. Hence, by Theorem Appendix A.1-(i7), Part (a), being u =0 a
critical point of Jy, problem (1.1) admits at least two nontrivial solutions for all

re | @ilma)pa(ri)) NI | V4 17k, sX] = 1/k] = (A%, sA]),
k=k* k=k*
as claimed. O

We now consider the simpler problem

{M(Hunpmgu = \f(z,u) in Q,

A _ (2.27)
D “k’aﬂ =0 forall o, with |o| < L —1,and forall k=1,...,d,

where f verifies condition (F), with (F)—(c¢) replaced by the less stringent assum-
ption
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(F)—(c)" Assume that there exist xo € Q, vo € R? and r9 > 0 so small that the
closed ball By = {x € R™ : |z — x| < 1o} is contained in Q and

essinf F(z,v9) = po > 0, esssup max |F(z,v)] = My < .
o Be - vl<vol

/

Clearly, when f does not depend on z, condition (F)—(c)’ simply reduces to the
request that F(vg) > 0 at a point vy € R?. This case is interesting also because the
unpleasant restriction ¢ € (1, p) requested in Theorem 2.1-(¢4) can be avoided. In
this new setting, the next theorem extends the main result of [17] to the p—Laplace
operator also for p € (1,2), and Corollary 3.6 of [3] to higher order operators,
involving the Kirchhoff function.

Theorem 2.2. Let (F)—(a), (b) hold, and let {, = sv/cypSt.

(1) If A €[0,44), then (2.27) has only the trivial solution.
(#3) If furthermore (F)—(c)" holds, then there exists €* > £, such that (2.27) admits
at least two nontrivial solutions for all X € (£*,00).

Proof. The part (i) of the statement is proved by using the same argument pro-
duced for the proof of Theorem 2.1—(i), being

’dyiofyp,w S )\Cvaf”’u,Hn’/p,

sYllull?? < M([|ul[?)[|ull” = A/ﬂf(ﬂﬁﬂ) ~udz < ASg|lul

Thus, if u is a nontrivial weak solution of (2.27), then necessarily A > ¢,, as required.

In order to prove (i), we consider the energy functional J associated to (2.27),
given by Jy(u) = ®(u) + AV2(u), where ® is defined in the statement of Lemma 2.2
and Uy in (2.21). We claim that Jy is coercive for every A € R. Indeed, as shown
in the proof of Lemma 2.5, for all u € [I/[/()L’p(fl)]”l7 with |Ju|| > 1,

S
Ia(u) = ];IIUHW — AIC1 = [A[ Calull,

where C, Cs are the constants determined in the proof of Lemma 2.5. This shows
the claim, since 1 < ¢ < vp by (F)—(a). Hence, here I =R.

Next, we show that there exists ug € [W,?(€)]? such that ¥s(ug) < 0. Note
that vg # 0 in (F)—(c)’. Take o € (0,1) and put B = {x € R" : |z — o] < oro}.
Of course, B C By. Consider a function ug € [C5°()]¢ such that

luo| < |vo| in 2, suppug C By and wug =g in B.
Clearly, ug € WP (Q)]%. Now, by (F)-(c),
Us(ug) = —/ F(z,uo(z))dz —/ F(z,v9)dx < My|Bo \ B| — pol|B]
Bo\B B

= wprg [Mo(1 —0™) — poo™],



November 7, 2013 18:38 WSPC/INSTRUCTION FILE ACP'CCM

Higher order p—Kirchhoff problems 19

where w, is the measure of the unit ball in R™. Therefore, taking o € (0,1) so large
that o™ > My /(o + My), we get that ¥a(ug) < 0, as claimed. Hence, the crucial
number

" =¢1(0)= inf -

9 I - _OO;O, 228
uew; V(1) Wa(u) o= ) ( )

is well defined.
Furthermore, as in the proof of Lemma 2.3, for all u € @;1(10)7 we have
o _ A(ulP)fp  slul? sy
[Wo(u)| ~ cypStllull®/vp — eypSellull®  cypSy
Hence, ¢* > ¢, by (2.28).
In particular, for all u € W' (Iy), it results
inf  ®(v) — P(u)

%

vel; ! (r) P(u)
< <
#ur) < Uy(u) —r — Wou)—r

for all r € (¥2(u),0). Thus,

limsup ¢1(r) < ¢1(0) = ¢*. (2.29)

r—0~
Here (2.25) simply reduces to
W2 (w)] < Rlull’".
Taken r < 0 and v € U, (), we obtain by (2.9)
« p*/p x
rl = 1ea(0)] < /olP” < &(2)" T e/

Therefore, by (A.1), since u =0 € ¥ (I"),

1 *
a(r) > = inf  B(v) > K[/ L

Il vewz )
where K = sR /" /p. This implies that Tlir(r)lﬁ pa(r) = oo, being p* > ~p by
(F)~(0).
In conclusion, we have proved that
limsup p1(r) < p1(0) =5 < Tl_i)r(x)lﬁ wa(r) = 0. (2.30)

r—0~
This shows that for all integers k > k* = 2 4 [¢*] there exists r; < 0 so close
to zero that w1(rr) < €+ 1/k < k < @a(rg), that is (A.2) holds. Hence, since
I = R, by Theorem Appendix A.1- (ii), Part (a), being u = 0 a critical point of
Jy, problem (2.27) admits at least two nontrivial solutions for all

re [ @i(rn),a(ri) D | [0 +1/k, K] = (€%, 00),
k=K k=k

as claimed. O
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We conclude the subsection by noting that ®(u)+A\*¥(u) > 0 for allu € ¥=1(Iy)
by (2.22). Hence, if A < \* and v € ¥~1(Ij), then

Ia(u) = @(u) + A0 (u) — AU (u) + A (u) > (A= X)T(u) > 0.
On the other hand, if A > 0 and u € ¥=1(I°), then Jy\(u) > 0. Combining both
inequalities we get that for all A € [0, \*]

inf Jx(u) = Jx(0) = 0.
u€[Wy P ()]

2.5. The special non—degenerate case when v =1

In this final part of the section we consider the non—degenerate problem (1.5). All
the assumptions on f, w and M coincide with the hypotheses required for (1.1) in
the Introduction and in Section 3.1, with v = 1. Consequently, the crucial positive
numbers A\, and A\* become

o S)\l
1+ S‘f’

N = 1(0) € (A, 5M1),

*

where ¢1(0) is given in (2.22), see also (A.1). In this easier setting the proofs of the
main Lemmas 2.2-2.5 and of Theorem 2.1 can be reproduced word by word and
simplified. In particular, the case u = 0 in the proof of Lemma 2.2 is redundant,
being M(7) > s > 0 for all 7 € R{. Hence, (2.14) immediately gives (2.16) even
when u = 0.
In the recent paper [3] the following quasilinear problem is studied
—divA(z, Vu) = Mw(z)[uP~2u + f(x,u)} in €, (2.31)
u=~0 on 0f), .
when divA(z,Vu) is essentially the p-Laplacian operator. In the special case
divA(z, Vu) = sA,u, problem (2.31) coincides with (1.1), when d = L = 1 and
M = s. Theorem 2.1 reduces to Theorem 3.4 of [3].

3. The p(xz)—polyharmonic Kirchhoff problem
3.1. Preliminaries

In this section we extend the results of Section 2.5 to the p(z)-polyharmonic Kirch-
hoff problem (1.6). We begin by recalling some basic results on the variable expo-
nent Lebesgue and Sobolev spaces; see e.g. [19,21]. As before, also here Q C R"™ is
a bounded domain. Define for all h € C(2)

hy = max h(x) and h_ = min h(z)
eQ e

and put
Ci(Q)={hecC):h_>1}.
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Let h be a fized function in C, (). The variable exponent Lebesgue space
L") = {L/J : 2 = R measurable : / () |"®) dx < oo}
Q

is endowed with the so—called Luxemburg norm

h(z)
11ln.) inf{)\>0:/ ¥(z) dr < 1}
Q

By
and is a separable, reflexive Banach space; cf. [21, Theorem 2.5 and Corollaries 2.7
and 2.12]. Since here 0 < |Q| < oo, if 0 € C() and 1 < o < h in €, then
the embedding L") (Q) < L7()(Q) is continuous and the norm of the embedding
operator does not exceed |Q| 4 1; cf. [21, Theorem 2.8].

Let A’ be the function obtained by conjugating the exponent h pointwise, that
is 1/h(x) + 1/ (z) = 1 for all 2 € Q, then A’ belongs to C, (Q) and L" ()(Q) is the
dual space of L")(Q), [21, Corollary 2.7]. For any h; € C4(Q), ¥; € L"()(Q) for
i=1,...,m, withm>1and 1=3",(1/h;), the following Hélder type inequality
holds

/Q [¥1(2) - Y (@) dx < carllnllng ) - 19mlln. ) (3.1)

where cg = 1/hi_ 4+ -+ + 1/hy_, see [21, Theorem 2.1] for the case m = 2.

Let o be a function in C(Q). An important role in manipulating the generalized
Lebesgue-Sobolev spaces is played by the o(-)-modular of the L) (Q) space, which
is the convex function p,(.) : L70)(Q2) — R defined by

Pt ) = /Q ()| @ e

Lemma 3.1 (Theorems 1.3 and 1.4 of [32]). If ¢, (Y1), C L°O(Q), with
1<o_ <oy < oo, then the following relations hold:

[Yllo(y <1(=15>1) < poy(¥) <1(=1; > 1),
[Pllocy 21 = I¥I70) < po() () < IWIIZEH, (3.2)
[Yllocy <1 = 100y < poy () < 0I5

) )

and || — Ylloy = 0 & pey(Wr — ) = 0 & Y — ¥ in measure in Q and
Po()(WVr) = po(y (). In particular, p,(.y is continuous in LoO(Q), and if further-
more o € C (), then Po() 18 weakly lower semi—continuous.

Since we are interested in weighted variable exponent Lebesgue spaces, denoted
by w a generic weight on €2, we put

L7O(Q,w) = {1 : @ — Rmeasurable : w'/?[y| € L7)(Q)},
endowed with the norm

1%]lo(),0 = w0 Pl (3.3)
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IfpeC,(Q)and L =1,2,..., the variable exponent Sobolev space
WLr)(Q) = {1/1 e LPO(Q) : D% € LPO(Q) for all a € N, with |a < L}
is endowed with the standard norm

[llwrooo) = D 1Dl

lal<L

From now on we assume that p € Cfg(ﬁ), where Cfg(ﬁ) is the space of all the
functions of C4(Q) which are logarithmic Hélder continuous, that is there exists
£ > 0 such that

R

B —— 3.4
< “logle—y| (34

for all z, y € Q, with 0 < |z —y| < 1/2. Indeed, even if the variable exponent
Lebesgue and Sobolev spaces have a lot in common with the classical spaces, there
are also many fundamental questions left open. For example, it is not known yet,
even for “nice” functions p, whether smooth functions are dense in WP()(Q). This
is the reason why we assume (3.4).

The space WOL # () () denotes the completion of C§°(§2) with respect to the norm
- llwere)(q)- As shown in [19, Corollary 11.2.4], the space WOL’p(')(Q) coincides with
the closure in W5P()(Q) of the set of all W) (Q)-functions with compact support
thanks to (3.4). Moreover WOL’p(')(Q) is a separable, uniformly convex, Banach space,
cf. [19, Theorem 8.1.13].

Also in this context it is possible to prove a Poincaré type inequality, so that an
equivalent norm for the space WOL P (')(Q) is given by

[llorro@ = D 1D,
|a|=L

see [32, Theorem 2.7] and [33, Theorem 4.3].
In what follows, we require that the bounded domain 2 has Lipschitz boundary.

Under this assumption, when L = 2, as a consequence of the main Caldéron—
Zygmund result [34, Theorem 6.4], there exists a constant ko = ka(n,p) > 0 such
that

[¥llo2@) < mallAPlp) = A2l Datllcy  for allw € Wo™(@),  (3.5)

where Dy is defined in (1.3) when d = 1, as already noted and used in [1]. For
another proof of (3.5) we refer to Theorem 4.4 of [35].

Proposition A.2 of [1] shows that for all L = 1,2,... there exists a number
kr = kr(n,p) > 0 such that

IDLY|lp, if L is even,
Illor sy < sellllepey  lzpe) = { >

S (DL)illpy, i L is odd,
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for all ¢ € WOL’p(')(Q), where Dy, is the operator given in (1.3) for d = 1. This
proves that the two norms || - ||lpz.e¢)(q) and || - |[L,p) are equivalent. Hence, also
(WOL"p(')(Q), | - ||L,p(.)) is a reflexive Banach space. Since we study the variational

problem (1.6), when d = 1 we actually are interested in the norm

H’(ﬁ” B HDLd}Hp()’ if L is even,
|| |’DL1/)|n ||p(~)7 if L is odd.

The two norms || - ||z ) and || - || are exactly the same when L is even. We claim

that they are equivalent when L is odd. Let ¥ € W({‘ P (')(Q). First assume that
ls|| > 0. Then, by definition of the Luxemburg norm, being |(Dr);| < |Drv|, for

alli=1,...,n, we have
(@) D
(Du): [ / Doy
Q

/g il Il

Hence [(Prv)illpcy < |[¥ll. Therefore |9z ) < nfl¢|. Assume now that
¥l Lpy > 0. Then |[(Dry)illpy > 0 for some k € {1,...,n}. Since 1 < p_,

then |Dyy[A®) < pp@)—1 S (D) |P@). In particular,

p(x)
der <1

n

/ DLgln ) _ / DLl e (D) |
ol PVl pe Q nl/p'(“”)nl/l’(””)||¢||L,p<-> ()
p(x)
<1 M dz < 1.
n P (Dr)illpe)
(D L)z ey 20

Again, by definition of the Luxemburg norm, |[¢|| < n[[¢[|1 p(.). This completes the
proof of the claim.

As stated in the Introduction here eithern > Lpy orn < Lp_. Hence the critical
variable exponent related to p is defined for all z € Q by the pointwise relation

np(z) .
. _ if n > Lpg,
pi(z) = § n— Lp(x) (3.6)
00, ifl1<n<Lp_.

If n < Lp_, the Sobolev embedding WOL’p(')(Q) s L")(Q) is compact for all
h € C(Q) such that h > 1 in Q. Indeed, the embedding WP (Q) — Wl (Q)
is continuous by Lemma 8.1.8 of [19]. Moreover, since n < Lp_, the embedding
WOL’p_ () < L' (Q) is compact and in turn also WOL’p(‘)(Q) ey LMO(Q) is
compact.

If n> Lp, and h € C(Q), the embedding W) (Q) < Lr)(Q) is continuous,
whenever 1 < h(z) < pj(z) for all x € Q. A proof of this fact, in the case L =
1, is given in [19, Theorem 8.3.1-(a)]. The result then follows by induction on
L as in [36, Lemma 5.12]. Moreover, if 1 < h(z) < p}(z) for all z € Q, then
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WOL’p(')(Q) is compactly embedded into L")(Q), as proved in [32, Theorem 2.3],
[22, Proposition 3.3] and [18, Theorem 5.7 for L = 1].

Since we are interested in the vectorial variational problem (1.6), from now on
we endow the space [WOL’p(')(Q)]d with the norm

[ull = I 1Pruly )

where | - | denotes the Euclidean norm in RY and N = d when L is even, while
N = dn when L is odd. In particular, ([WOL’p(')(Q)]d7 [ - ||) is a uniformly convex

Banach space, as proved in Proposition Appendix B.1.

3.2. The first eigenvalue of Af;(w)

Taking inspiration from [37], we say that the variable exponent p € Cfg () belongs
to the Modular L—Poincaré Inequality Class, p € MP (), if

/ |DLu\%z)dm
)\1 == inf Y

jnf >0, (3.7)
welwg O @) / w(z)ut® dz
Q

u#0

where Dy, is given in (1.3).

We point out that there are exponents p € Cfg (Q) \ MPL(Q) even in the case
d =L =1 and w = 1. For instance, assuming also that there exists an open set
U C  and a point xg € U such that p(xzg) < p(x) (or p(zo) > p(z)) for all z € U,
then by [26, Theorem 3.1] the property (3.7) fails, that is Ay = 0 and p is not of
class MPL(Q).

On the other hand, when d = L = 1 and w = 1 there are criteria in order that
p is of class MPL (), that is p satisfies (3.7). Indeed, by [26, Theorem 3.3] if there
exists [ € R™ \ {0} such that for all x € Q the function ¢ — p(z + ¢I) is monotone
fort € I, = {s € R : x4 sl € Q}, then (3.7) holds. Recently, when L = d =1
and w = 1, Theorem 3.3 of [26] has been extended in [28], assuming the existence
of a nonnegative function ¢ € C1(Q), with |[D¢| > 0 and D€ - Dp > 0 in Q. Another
criterium has been proposed in Theorem 1 of [27] again when L =d =1, w = 1
and p € C*(Q), assuming the existence of a :  — R" such that for all x € Q

diva(z) > ap >0 and a(x)- Dp(z) =0.

The two results of [28] and [27] do not contradict each other but they seem to
supplement each other.
Furthermore, [37, Theorem 2.2] says that if (3.7) holds when L = d = 1 and
w = 1, then (3.7) continues to hold for allw € L{ (), with w_ = essinfq w(z) > 0.
Lately, when d = 1 and w = 1, Theorem 3.1 of [26] has been extended to the
p(z)-biharmonic operator under Navier boundary conditions. In particular, when

p possesses a strict local minimum (or maximum) in Q and w4 = esssupgy w(x) is
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finite, then

[ 18
A > — inf —_— =0,
w4 peX\{0} / ‘w‘p(x)dm

where X = W, P (Q) nW2r()(Q). Thus, in principle, (3.7) could fail. As far as we
are aware, there are no criteria in order to have A\; > 0, even when L = 2, d = 1,
w =1 and p(z) # p > 1. In any case we have these useful results, which seem not
to be so well known.

Proposition 3.1. Let L € {1, 2}. If \y > 0 when d = 1, then Ay > 0 for all d € N.

Proof. Consider first the case L = 1. Clearly, by density, for d = 1,

[ 1Dulz s
/\1 = inf £

> 0.
YeCse () p(x)
PF#0 Qw(%)|7/)| dz

Then for all ¢ = (p1,...,p4) € [C(Q)]4\ {0}

p(z)
/ Dol de / d=r/ (Z ID%In> do
. >
R — 12 [ wteleipa

Z/ |De; |p(r)dx

1— 2 1 1— 2
>d 3p+/ i= >d 3p+/ A1,

Z / )il da

that is (3.7) holds for all d > 2 when L = 1.
Similarly, when L = 2, by assumption

[ 18wz
)\1 = inf Q2

C& (R ©
¢ew360( )/Qw(x)““p( )dx

> 0.
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Hence, for all ¢ = (¢1,...,94) € [C5(Q)]1\ {0}

d p(w)
/ Al de / a2 (DA%) da
Q >

i=1

plx) 5
R e — Z / @l
d

Z/ |Api[ dx

> glde+/2. izt @ d1—3p+/2)\1’
> [ wlepas
Q

so that (3.7) holds for all d > 2 when L = 2. O

Proposition 3.2. Assume that w_ > 0. If (3.7) holds for L € {1, 2}, then it holds
for all L € N.

Proof. Let us denote for simplicity the number in (3.7) by A1 if L =1 and A1 2

if L = 2. By density,
IR
> 0, )\1)2 = inf

/ Dl
@6[%‘)’;(()9)}/9 ()] [P da sae[C""(Q)]/ (z)]P®) dx

Now, D3¢ = DAy by (1.3). Hence, for any ¢ € [C5°(Q)]4\ {0}
[ Paslian [ paciar [ wl)lapl @
__Jo Q

/Q w(@)|pl? D da / w(@)| Al da / w(@)plE ) d

In other words, A1 3 > A jw_Aq 2.
Similarly, Dy = A%p by (1.3) and for any ¢ € [C5°(€2)]¢\ {0}

[octae [ 1a@pfOds [ wiaglds
Q Q Ja
[weriPar [ weiseli e [ wwieh
Q Q Q

that is Ay 4 > w,)\%Q. In conclusion, by induction,

J—1y7J .

w5, L =27, _

M=M= 0 TP j for j =2,3....
Aa(w-Aig) ™!, L=2j-1,

> 0.

> AL1W_A1 2.

Z U}_)\%Q,

In particular, Ay > 0 for all L € N, as required. O
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3.3. The main existence result for (1.6)
We finally turn to problem (1.6), recalling the assumptions required. As in (1.4),
the weight w is supposed to be positive a.e. in Q and of class L= (), with
n
> — 3.8
“ n—[n—Lp_]*+ (38)

replacing (1.4), and the variable exponent p is assumed also of class MPL(Q).

The Kirchhoff function M verifies the assumption (M), with v = 1, that is (1.6)
is non—degenerate. The Dirichlet functional .#z, is defined in (1.7). The nonlinearity
f verifies the foreword in (F), condition (F)—(c)’ of Section 2.4, while (a) and (b)
are replaced by

a) There exist ¢ € C(Q), with 1 < q; < p_, and Cy > 0 such that
f
|f(z,v)] < Crw(z)(1+ |v|q(“")71) for a.a. x € Q and all v € R%.
(b)" There exists p* € C1(), with p < p* < p% < (p})-/@’, such that

s @) 0

mn W < 00, wuniformly a.e. in €.

Also in this setting we have the analogue of Proposition 2.2, that is

Proposition 3.3. Assume that (F)—(a)’ and (b) hold. Then f(x,0) =0 for a.a.

T €,
. F
0< 8= esssupM<oo, 0< esssupwgi. (3.9)
v#£0, £EQ w(x)|v|p(m) v#£0, EQ w(gj)‘wp(fb) p—
Moreover, there exists K > 0 such that
|F(z,v)| < KMMP*(I) (3.10)

Top(e
for a.a. x € Q and all v € RY.

The energy functional J) : [WOL’p(')(Q)]d — R associated to (1.6) is given by
Ir(uw) = ®(u) + AV (u), where now ®(u) = A (FL(u)), with & (u) defined in (1.7)
and ¥ = WUy, where as usual

Wy (u) = —/QF(as,u(x))dx.

The dual space of [W(f’p(') (€2)]4 is denoted by ([WOL’p(') (Q)]d) . We are now proving
a result similar to Lemma 2.2.

Lemma 3.2. The functional ® is convexr, weakly lower semi—continuous in
WEPOD(Q)) and of class CL([WEPD (Q))9).
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Moreover, ®' : [WOL’p(')(Q)]d — ([WOL’p(')(Q)]d) verifies the (%) condition,
ie. if up = u in [WEPO(Q)] and

lim sup M (.7, (ux.)) / Dy "™ 2Dy uy - (Dowg — Dywdz <0, (3.11)
Q

k—o0

then ui, — u in [WOL’p(')(Q)]d.

Proof. A simple calculation shows that ® is convex in [W[)L’p(')(ﬂ)]d, being 77,
convex and M non-negative and non—decreasing by (M). Moreover, ® is Gateaux
differentiable in [WOL’p(')(Q)]d and for all u,v € [WOL’p(')(Q)]d it results

(' (u), v) = M(.7,(u)) /Q DLl ® 2D - Dyv da.

Now, let u, (ux) C [WOL’p(‘)(Q)]d be such that uy — u as k — co. We claim that

|9 (ug) — @' (u)|x = sup [(® (ug) — @' (u),v)| = o(1) as k — oo.
ve[Wy P ()¢
[lv|l=1
Put Z(ug,u)= HM(JL(uk)ﬂDLuk|”(’”)_2DLuk—M(JL(u))|DLu\p(w)_2DLuHNp
By the Holder inequality (3.1)

()

|<<I>’(uk) — <I>’(u),U>| <cu 2 (ur, w)||[ DL npe-
Hence
D (ug) — @' (u)||x < cuP(ug,u). (3.12)

Let (ug;); be a subsequence of (ug)g. Clearly, uy, — u in [WOL’p(')(Q)]d and so
Druk, — Dru in [LPO(Q)]Y as j — oo, where as usual N = d if L is even and
N = dn if L is odd. By Lemma Appendix B.1, with m = N, 0 = p and w = 1,
there exist a subsequence of (ug,);, still denoted by (uy,);, and h € LP()(Q) such
that for a.a. x €

Drug,(x) = Dru(r) asj—oo and [Dprug;(z)| < h(x) forall j€N.
Hence,

p(a)-2 pe2p, "
M(JL(ukj))|DLukj| DLukj —M(ﬂL(u))|DLu| Dru

/ p'(z) p'(x)
< 2@ (a3 ux P, PO o [prap ) |
< (QK)p’(x)hp(x) e LY(Q),

where K = sup; M (¥ (ug;)) < oo, being (uy,); convergent and so bounded in
[WOL’p(')(Q)]d. In particular, M (S (ux;)) — M(FL(u)) by (M). Furthermore,
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|DLukj|p(x)_2DLukj — [DpulP®) 2Dy a.e. in Q. Hence

M (51 () Drug, "D =Dy, — M () Dyl 2Dy
S K‘ |DLukj |p(m)_2DLuk]. — |DL’U,|:D(E)_2’DLU|
+ [ M (I (ur,)) = M(FL(w)] - [DrufP® ™ =0
a.e. in ) as 7 — oo. Thus, applying the Lebesgue dominated convergence theorem,
we obtain that the entire sequence (uy)y is such that Z(ug,u) — 0 as k — oo,
which implies the claim by (3.12). In conclusion, ® is of class Cl([W({“’p(')(Q)]d),
as claimed. In particular, ® is weakly lower semi-continuous in [WOL P (')(Q)]d by
Corollary 3.9 of [30].
Let u, (ug)r C [WOL’p(')(Q)]d be such that up — wu in [WOL’p(')(Q)]d and (3.11)
hold. Then

Jim M (.77 (u) / DLl 2Dy - Dy (s, — w)dz = 0, (3.13)
— 00 Q
being |DpulP®)~2Dpu e [LP'O)(Q)]N. Hence (3.11) is equivalent to

limsup/ Z(ug,u) - Dr(up —u)dr <0,
Q

k—oc0

where 2 (up,u) = M(ZL(u))|DpugP@2Druy — M (S (uw))|DrulP®—2Dru. By
convexity

/ Z(ug,u) - Dr(up —u)dz >0,
Q
therefore

lim [ Z(uk,u)- Dp(up —u)dx = 0.

k— o0 Q
This implies limy o0 M (I (uy)) fQ |Drus|P® 2D pug-Dr (u, —u)dx = 0 by (3.13),
and in turn

lim [ |Dpur|P®~2Druy - Dr(up — u)de = 0, (3.14)

k—o00 Q

being M (41 (ux)) > s > 0 for all k € N, since here v = 1 in (M).

Clearly .#;, is of class C! and convex in the Banach space [WZ ") ()], so
that #7(u) < liminfg_ o &1 (ur) by the weak lower semi—continuity of .7, in
WP (Q))9. By the convexity of .#, for all k

J(u) + |DLuk|p(m)72DLuk -Dr(ux — w)dx > I (ug),
Q

so that Z(u) > limsup;,_, . #L(ux) by (3.14). In conclusion,
lim /L(uk) = fL(u) (315)
k—o0
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Furthermore, by (3.14)

/(|DLu;,ﬂ|”("”)_22)Lu;,C - \DLu|p(‘”)_2DLu) -Dr(ug —u)dr =0 as k — oo,
Q
since ur — u in [WOL’p(')(Q)]d. Hence (|Drux|P®—2Dpup — |DpulP™=2Dpu) -
Dy (ur — u) > 0 converges to 0 in L'(£2), and so, up to a subsequence,
(|DLukj |p($)—2'DLukj — |DLu|p(z)_2DLu) . DL(ukj — U) —0

a.e. in 2. Lemma 3 of [38] implies that Druy, converges to Dyu a.e. in Q, and in
turn |DLukj\p(z) converges to |DpulP®) a.e. in Q.
Consider the sequence (g;); in L'(Q) defined pointwise by
p(w)}
By convexity g; > 0 and g;(x) — |Dpu(x)[P™® /p(z) for a.a. x € Q. Therefore, by
the Fatou lemma and (3.15) we have

1 { |DLukj |p(:1:) + |DLu|p($) ’DLuk]. — DL’LL
2 2

1 |Dpuy, — Dpu|P@
J1(u) < liminf/ gjde = I (u) — limsup/ ’ Lok L dx
J=oo Ja j—oo Ja P(T) 2
.
< I1(u) — T llﬁsip pp(-y(Drug, — Dru).
Hence, limsup;_, . pp(.y(Drux; — Dru) = 0, that is limj o [|ug; — ul| = 0 by
Lemma 3.1. In conclusion, the entire sequence u; — u, since ux — u as k — oo in
[WOL’p(‘)(Q)]d. This completes the proof. |

As in Section 2.1, if the embedding operator i : [We?)(Q)]? — [L"O)(Q, w)]?
is continuous, where h € C(Q), h > 1, and w is a weight, we denote by Sy () > 0
the best constant such that [|ul|p).w < San()wllul for all u € [WOL’p(')(Q)]d. Again
Sa,n(-)w 18 the operator norm of i. If d = 1 and w = 1, we briefly write Sj.).
Furthermore, if p} = co the symbol p} /@’ is co.

Lemma 3.3. Let 0 € C(Q), with o_ > 1. If o(x) < p(z) for all x € Q, then the
embedding [Wé:’p(')(Q)}d e [L7O(Q, w)]¢ is compact.

Proof. The embedding WOL’p(')(Q) ey L®9(Q) is compact, being w'o(z) <
pi(x) for all z € ©Q by (3.6) and (3.8). Furthermore, L= 7()(Q) is continuously
embedded in L7¢)(Q,w) by the classical Holder inequality and (3.8). Hence, as in
the proof of Lemma 2.1-(4), also [WOL’p(Q)]d e [LOO(Q, w)] % m|

*

Lemma 3.4. Let (F)—(a)’ hold. Then W, : [WEPO(Q)])? — ([WOL”’(')(Q)W) is a

compact operator and Vq is sequentially weakly continuous in [W()L’p(')(ﬂ)]d.
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Proof. Of course, (¥4 (u — Jo f( -vda for all u,v € WP (Q)]%. Since
% is continuous and [WL p( )(Q)]d is reﬂexwe7 it is enough to show that if (ug)g,
w are in [WEPO(Q)]4 and uy, — w in [WEPY(Q)), then || (uk) — Wh(u)|, — 0
as k — oo. To this aim, fix (ug)r C [WOL p(')(ﬂ)] with up — u in [WOL’p(')(Q)]d.
First, uk — win [L10)(Q, w)]? by Lemma 3.3—(4). Thus, Ny (uy) — Nj(u) as k —
oo in [Lq (Q wt/ (= q))]d by Lemma Appendix B.2. Finally, by Holder’s inequality
for all v € [WL -p( )(Q)] , with ||v]| = 1, we have

(W5 (ur) — Wy(u), v)] < Aw(x)_l/q(w)\Nf(Uk) = Ny (u)|w' 1 o] de

< cpllw™ NNy (ue) = N ()] allg ) lw/4olallg.)
= cu Ny (ur) = Ni (W)l a,q (ywr/a-o [[V]]dg()
< cuSaq(),wllNy (ur) —Nf( W)l g,q/ (), w1/0-a) -

Thus, || U5 (ur) — Uh(u)||s — 0 as k — oo, that is U}, is compact.
Now, since ¥} is compact, then U is sequentially weakly continuous by Corol-
lary 41.9 of [31], being [WOL’p(')(Q)]d reflexive. O

p—shi

Theorem 3.1. Let (F)—(a)’, (b)" hold and let £, = .
PS¢

(i) If X €[0,4,), then (1.6) has only the trivial solution.
(i7) If also (F)—(c)" holds, then there exists £* > £, such that (1.6) admits at least
two nontrivial solutions for all X € (£*,00).

Proof. The part (i) of the statement is proved by using a similar argument pro-

duced for the proof of Theorem 2.1-(%), namely if u is a weak solution of (1.6) we
have

sp_ M I (u) < )qM(fL(u))/ I DulP®@de < )\1)\/ |f (z,u) - u| de
Q )
< AlASf/ w(x)|[uP@dr < pyAS; I (u),
Q

by (3.7) and (3.9). Thus, if u # 0, then necessarily A > £,.

In order to prove (ii), we first show that J) is coercive for every A € R. Indeed,
as shown in the proof of Lemma 2.5, for all u € [W()L’p(')(ﬁ)]d, with [Jul] > 1,

Ia(u) > sIL(u |)\|/|F:17u\dx

>*/|Dw|p(“‘)dw—\kl// Crua) (1+[tul’®") [uldtdz (3.16)
=z 7Hu||p_ - |/\\Cf/ w(z)|uldx — |/\‘ﬁ/ w(x)|u|q<x)dq;
P+ Q q— Q
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Now, by Holder’s inequality, Lemma 3.1 and Lemma 3.3

/Qw(x)|u|‘I(”)da?§ (/Qw( de)l/w </ |uww>dx) v

< el max {ull? g, NS g }

< ||lw||w max {Sgwq Sl S;; q()|\u||q+}-

Hence, for all u € [WL pC )(Q)]d, with [Ju|l > 1, by (3.16)

S
Ia(u) = EIIUH”’ = [MCSawlull = AClu]*,

where C' = C||w]||» max {Sgw ol ),Sg,;,q(,)} /q_. Since 1 < q4 < p_, this shows
the claim by (F)—(a)’. Thus, here I =R.

The function ug € [C§°(R2)]¢ constructed by using (F)—(c)’ in the proof of Theo-
rem 2.2 is also in [WOL’p(')(Q)]d and such that ¥o(up) < 0. Hence, also in this setting

the crucial number

=0 (0)= inf -

. Iy = (—00,0), 3.17
uew; V(1) Wa(u) o= ) (3:17)

is well defined, so that again (2.29) continues to hold. Furthermore, by (3.7)
and (3.9)

(u) /|DLu|p(x)da: p,s/ |DpulP® dx

|‘I’2(U

p_sAi

> = =t
\F x,u)|dz p+Sf/ w(@)[ulP™) dx p+Sy

for all uw € W5 '(Iy). Thus, £* > ¢, > 0 by (3.17).
By (3.10), Holder’s inequality (3.1), Lemma 2.1 of [20] and the continuity of the
embedding [WOL’p(')(Q)]d s [LPL()(Q)]%, we have for every u € [WOL’p(')(Q)]d

[Wo(u |</|F:vu|dx<—/ @) |ul?”
(3.18)

1C)/pr ()
< cmax {JullFh; o) lullyy ) } < Rma{full P, Jul ")

* P pr
where ¢ = ey K|[1llo() [wll /57, & = emax {S}:. .85 )}, and
@'py(x)
1< p(z) =4 pi(z) —p*(x)@"”
w/

if n> Lp,,

ifn<Lp_.

7
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Taken r < 0 and v € ¥, (r), we obtain by (3.2), (3.18), and (M), with v = 1,

Dpufp® PP Doyl \ PP
[r[ = | @2(v)] < Rmax (m/ dex) ,<p+/ |Luldx>
o P7) o p@)

< (py )P+/P- R max { (//M(u)))pi/p ,<M>p*/p+}

§ 5
< wma { B(u)PH/-, P74}

where k = (py)P+/P- &/ min{sP+/P~ sP~/P+}. Therefore, taking r so close to zero
that 0 < || < 1 and putting K = min{n*p—/pjr,/i*”/"*—}, we have by (A.1) and
the facts that u =0 € U1 (I") and Wy(0) = 0,

1 x * *

@a(r) > — inf  ®(v) > Kmin{|r|P-/P+ 71 |p[P+/PE 1) = K|p[P+/PE

|T’| UE\Ilz_l(r)

being p_ < py < p* < pi. This implies that lim ¢o(r) = oco.
r—0—
In conclusion, also in this setting, (2.30) holds, so that the proof can be continued

and ended exactly as in Theorem 2.2. O

Appendix A. Auxiliary results

We start with recalling a slight variant of Theorem 3.4 of [8] given in [3], which
is used throughout the paper. Let (X, || - ||) be a reflexive real Banach space, with
(topological) dual space (X*,|| - ||«). Assume that ® and ¥ are two functionals on
X, verifying the following hypotheses.

(H1) © and ¥ are weakly lower semi—continuous and continuously Gateauz differen-
tiable in X, and ¥ is nonconstant;

(H2) @ : X — X* has the (}) property, i.e. for every sequence (u)r C X such
that ux, — u weakly in X and limsup (P’ (ug), ux, —u) < 0, then ux, — u strongly
in X k—o00

(H3) V' : X — X* is a compact operator;

(Ha4) there exists an interval I C R such that the one parameter family of functionals
=P+ AU, A €I, is coercive in X, i.e. for all N €1

lim Jy(u) = o0.
llul|—o00
Given r € (infuex ¥(u),sup,cx ¥(u)), we introduce the two functions

inf  ®(v) — P(u)

veW—1(r)
= f Ir = (7O, )
1) wev1(1,) U(u) —r ’ (—o0,m) A
‘}’I}fl O(v) — D(u) (A1)
wa(r) sup verTiir) I" = (r,0).

u€¥—1(I") (u) —r ’
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Theorem Appendix A.1 (Theorem 2.1 of [3]). Under (H1)-(H4) and the
ezistence of

re (inf U(u), sup \I/(u)> such that  @1(r) < pa2(r), (A.2)
ueX wEX

the following properties hold.

(i) The functional Jy admits at least one critical point for every X € I.
(13) If furthermore (p1(r), p2(r)) NI # 0, then
(a) Jx has at least three critical points for every A € (p1(r),a(r))N1I.
(b) Jo,(r) has at least two critical points, provided that p1(r) € I.
(¢) Jpu(r) has at least two critical points, provided that po(r) € I.

Throughout the paper L7 (Q), o > 1, denotes the standard Lebesque space, en-
dowed with the canonical norm || - ||, and o’ is the conjugate exponent of o. More-
over, if w is a weight on Q and ¢ € [1,00), then L7 (Q,w), o > 1, is the weighted
Lebesgue space equipped with the norm

mmw=(4wmmmmwQU7

The Cartesian product [L7 (€, w)]™, m > 1, is endowed with the norm

M(Awmwwmmfw,

where | - |,, is the m—Euclidean norm on R™ and ¢ = (¢1,...,9m)-
Let us now state a useful result for general vector—valued weighted Lebesgue

[l

spaces, which is well-known in the framework of the standard Lebesgue spaces.
The proof is left to the reader, see also [39] for m = 1.

Lemma Appendix A.1. If (pr)r and ¢ are in [L7(Q,w)]™ and ¢ — ¢ in
[L7(Q2,w)]™ as k — oo, then there exist a subsequence (pr,); of (¢r)r and a func-
tion h € L?(Q,w) such that a.e. in Q

(i) or; — @ as j — oo; (i) |or;| <h forall j € N.

We now turn to the more concrete Banach spaces used in the study of (1.1) and
present some simple results which do not seem to be so well known.

Lemma Appendix A.2. Assume that f : Q x R? — R?, f = f(z,v) 0, is a
Carathéodory function, satisfying (F)—(a) of Section 3.1. The Nemytskii operators
N, = [LP(Q,w)]? — [P (2, w)] and Ny = [LY(Q,w)]? — [LY (2, w'/=D)]4 ] defined
by Np(u) = [uP~2u and N¢(u) = f(-,u(-)) respectively, are continuous.

Proof. Let (ug)r C [LP(Q,w)]¢ be such that u, — u in [LP(Q, w)]¢ as k — co. We
prove that N, (ug) — Np(u) in [LP (Q,w)]¢ as k — oco.
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Fix a subsequence (ug;); of (uy)x. By Lemma Appendix A.1, with m =d, o =p
and w = w, there exist a subsequence, still denoted by (ukj )j» and a function h in
LP(Q,w) satisfying Ny (ux,) — Np(u) ae. in Q and [N (uy,)| < h?~1 € L' (Q,w).
Hence, w|N, (ug;) — Np(u)[? < 2P'wh? € L'(Q). Now, by the dominated conver-
gence theorem, Np(ug,) = Np(u) in [LP' (Q, w)]?. Therefore, the entire sequence
(N (ur))i converges to N, (u) in [LP (Q,w)]% as k — oco.

Similarly, let (ug) C [L9(2, w)]¢ be such that ug — w in [L9(, w)]? as k — oo.
We assert that Nj(ug) — Nj(u) in [L9(Q,w/0=D)]4 as k& — oco. Indeed, fix a
subsequence (uy,); of (ur)r. There exist a subsequence, still denoted by (uy,);, and
a function h € L4(Q, w) satisfying (7) and (i¢) of Lemma Appendix A.1, with m = d,
o =qand w = w, that is ux, — u a.e. in Q and [uy,| < h a.e. in Q for all j € N.
In particular, [Ny (ug,) — Np(u)|? w'/ (=9 = 0 ae. in Q, being f(z,-) continuous
for a.a. z € Q. Furthermore, [Ny (uy,) — Np(u)|? w'/ (=9 < kw(1 + h9) € L1(Q),
k= (2C4)729 71 by (F)(a), being w € L=(Q) C L*(N), since @ > 1 and
is bounded. Hence, by the dominated convergence theorem Ny (ux,) — Njy(u) in
[LY (Q,w!/(1=9)]4, Therefore the entire sequence (N (ur)), converges to Ny(u) in
[L9 (2, w/(1=D)] as k — oo, as asserted. O

We end the section with two useful results, which seem not to be proven before.

Proposition Appendix A.1. The space ([WOL’p(Q)]d, |- ||d,L,p> 1s uniformly con-
vex.

Proof. The vector—valued space ([VVOL”’(Q)]”Z7 Il - ||d,L7p> is the Cartesian product
of d copies of the scalar space WOL P(2) endowed with the norm ||ul|z, defined
in (2.1). It is enough to prove that (WOL’p(Q), Il - \|L7p) is uniformly convex. Indeed,
this implies that ([Wy? ()]%, ||-||a.z ) is uniformly convex, by Theorem 1.22 of [36].
We distinguish two cases depending on whether L is even or odd.
Case L=2j,7=1,2,.... Fix ¢ € (0,2) and let u, v € WOQj’p(Q) be such that
lullzp = llvllL, =1 and lu—wvlzp, > e

Consider first the case p € [2,00). By (35) of Lemma 2.27 of [36], we have that
forall z, e R

z2+CP |z—=¢” 1
< (|27 + [¢]P).
P 4 < L e
Hence,
u+olP u—uvlP /(‘Aju—i—Ajvp ‘Aju—Ajv p)
= + dx
2 Lp 2 Lp Q 2 2

1 . 4
<5 [ (P sy de = 3 (Julf, + 0l,) =1

DO =
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This implies that

u—+v P

2

-G
L.,p 2

and so, taking § = () such that 1 — (¢/2)? = (1 — §)P, the proof of this case is
concluded.
If p € (1,2), then by Theorem 2.7 of [36]

’ ’
p p

U+ U—v u—+v 4 U —v v
D D < |||D D
EEYIIE ACSIE JCSIHICS

p—1 p—1 p—1

In other words

u—+v v U—v v’ u—+v v uU—v v

5 +l— SH‘%( 5 ) +’DL< 5 ) ;o (A3)

L.,p L,p p—1

since |AJy[P" € LP~1(Q) and ||| Dpy[P|,—1 = HDL¢||£/ for all ) € WP (Q). More-
over, being 1 < p < 2, by (34) of Lemma 2.27 of [36]

z—¢
2

ZJGC’ P’

2
for all z, ¢ € R. Hence,

U+ v v U—v
D D

} 1/(p—1)

< |50+ i)

’
p

]1/(17—1)

1 . .
< [/ 3 (|A7u|p + |A3v|p) dx
-1 8 (A.4)

1 1 1/(p—1)
= (3l + yhiz,) =1

Combining together (A.3) and (A.4), we get

/ ’
u4olP u—uvlP

<1-

()
L,p 2
It is enough to take d = §(¢) such that 1 — (¢/2) = (1 — §)?" in order to conclude
the proof also in the case 1 < p < 2.

Case L=2j—1,5=1,2,.... Consider the vector—valued space [LP(Q)]" =
([ZPE]™ | - llize (yn ), where

L,p

n 1/p
9/l {Le ) = <Z 9i||§§> for all g = (g1,...,9n) € [LP()]".
i=1

The linear operator T : WP (Q) — [LP()]", defined for all u € WP (Q) by
T(u) = (0p, A, ..., 0,, Au),

is isometric. Furthermore, the space [LP(€2)]™ is uniformly convex, by Theorem 3
of [40], since (LP(2),||-|lp) is uniformly convex itself. Hence, also (W()L’p(Q), -] L’p)




November 7, 2013 18:38 WSPC/INSTRUCTION FILE ACP'CCM

Higher order p—Kirchhoff problems 37

is uniformly convex, being isometric to a uniformly convex Banach space. This
concludes the proof. O

Proposition Appendix A.2. The space ([W()L’p(ﬂ)]d, Il - H) is uniformly conver.

Proof. Fix ¢ € (0,2) and let u,v € [W"?(2)]? be such that [|u] = |v|| = 1 and
[ —vf| > e.

Consider first the case p € [2,00). By (A.2) of Lemma A.1 of [16], we have that
for all z, ¢ € RN
P

<
N

z—=¢
2

(I2lx +1¢IR)-

N | =

N
Hence, with z = Dru, ( = Drv € RN, we get

p

u+v u—uvlP /(’DLU—FDLUP ‘DLu—Dva)
= — | | dx
2 |, 2 |, Jo 2 |y 2 |y
1 1
<5 [ (Dwalfy + 1Dsoli) do = 5 (fulP + o) = 1.
This implies that
utv|? “1_ (E)p
- 2
It is enough to take d = d(e) such that 1 — (¢/2)? = (1 — §)?, in order to conclude
the proof.
If p € (1,2), then by Theorem 2.7 of [36]
' _ '
- ()1l (52)
Ny N,y
P’ _ '
<o ()], oo ()
N N,y
In other words
p’ op p’ B p’
u+wv u—v < DL<u+v> +‘DL<U ’U) 7 (A.5)
2 2 2 )|y 2 ) Inll,

since [Dofyy € Lr=1(2) and [|[DLol% -1 = |[Deoln]l for all ¢ € WP ()],
Moreover, being 1 < p < 2, by (A.1) of Lemma A.1 of [16], we have that for all z,

¢ eRN
Z+< P’ 1 1 1/(p—1)
i
N

2

z—¢
2

+
N
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Hence, with z = Dyu, ( = Drv € RV, we get

u—+v v U —v
D D
|H L( 2 )NJF‘ L( 2 )

’
p

T/(Pl)

1
< |3 [ (Pt + pu) o
Q

p-1 (A.6)
1 1 1/(p—1)
(ghate+3lor) =1

Combining together (A.5) with (A.6), we obtain

N

’
u-+v P

<1f(f)p.
= 2

It is enough to take & = d(¢) such that 1 — (¢/2)?" = (1 — &) in order to conclude
the proof. O

<1-

/
P Huv

Appendix B. Supplementary results for (1.6)

The weighted variable exponent Lebesgue space L7()(Q,w) defined in Section 3 is
a Banach space. First, [|ul/s(.), = 0 if and only if u = 0 a.e. in Q and [[Aul|s()0 =
IAl- |l oy, for all u € L) (Q,w) and A € R. Moreover, fixed u, v € L) (Q, w) it is
clear that |[u+v||¢(.)w = [tlle()w+|vllo(),w, Whenever either u = 0 or v = 0. Hence,
let us assume that [[u[/5(.)., > 0and [|[v]¢() o > 0. Take s > |Jul|g()w = ||w1/"u||(,(.)
and t > [|v]|g()w = ||w1/”11||0(.). Then, ||w1/"u/s||(,(.) < 1and ||w1/‘7v/t\|g(.) <1, s0
that pg(. (w'/u/s) < 1 and Po(-) (wl/"v/t) < 1 by (3.2). Therefore,

w7 (u +v) < S wtoy n t wt/oy <t L t _q
Pal) s+t =51t O\ T s+t770\ ¢ s+t s+t

In other words, ||t + v|[y(.)w = [[w'/7(u+ )|,y < s+ t. In conclusion, in all cases

v+ vloe)w < ullo()w + 10]oe) w:

Hence also (L70)(Q,w), || - [|5(.),) is a normed space. Moreover, L7()(€2, w) inherits
all the properties of L7()(Q) by (3.3).

As in Section 3, the vector—valued weighted variable exponent Lebesgue space
[L7C)(Q,w)]™ is endowed with the norm

[@llm.o()w = Ielmlloe o

The next lemma is the analogous of Lemma Appendix A.1. For completeness we
present the proof.

Lemma Appendix B.1. Let ¢, (¢r)x C [L7O(Q,w)]™ be such that o — ¢ in
[LoO(Q,w)]™ as k — oco. Then there exist a subsequence (¢x,); C (pr)r and a
function h € L7C)(Q,w) such that for a.a. x €

(i) i, () = o(x) asj— oo, (i1) pn, ()| < h(z) for all j € N.



November 7, 2013 18:38 WSPC/INSTRUCTION FILE ACP'CCM

Higher order p—Kirchhoff problems 39

Proof. Let o, (¢r)r C [L70)(Q,w)]™ be as in the statement. Clearly (@) is a
Cauchy sequence in [L7()(Q,w)]™ and so there exists a subsequence (©r;)5 C (or)k
such that [[or, , — @k, lm,o()w < 277 for all § > 1. The function

J

¢
ge(x) = Z |0k, 1 () — o1, (2)|m for a.a. x € €,
j=1

is non-negative in L") (Q,w) and (g¢), is non-decreasing, with [|g¢f, ()0 <
Z§:1 ¢k, 1 =Pk, llm,o()w < 1. Hence, by the monotone convergence theorem given
in Lemma 3.2.8-(b) of [19] and (3.3), the sequence (g¢)¢ converges a.e. to some g
and g € L7)(Q,w) by the Fatou Lemma 3.2.8-(a) of [19] and by (3.3). Hence g is

finite a.e. in Q. For all / > > 2 and a.a. x € Q

“pkz ({,C) — Pk ($)|m < |(¢0]€15 ({L‘) - one—l(x”m +...+ |<pk1,+1(x) — Pk (1‘)‘m
=ge-1(z) = gi-1(z) < g(2) — gi-1(2).

Thus the sequence (¢, (2)); is a Cauchy sequence in R™ and it converges to some
p(x) € R™ for a.a. x € Q. Now, for all j > 2

p(2) = or; (@) |m < g(2), (B.1)

so that ¢ € [L70)(Q,w)]™. Therefore, g, — ¢ in [L70)(Q,w)]™ as j — oo by the
dominated convergence theorem, given in Lemma 3.2.8—(c) of [19] and (3.3), where
E°O)(Q,w) = L7 (Q,w), being o, < oco. Finally, ok, lm < |elm +9 € L7O(Q,w)
a.e. in Q for all j > 2 by (B.1). Hence, it is enough to choose h = |¢|n, + g and the
proof is complete. O

Lemma Appendix B.2. Assume that f : Q@ x R — RY f = f(x,v) £ 0, is
a Carathéodory function, satisfying (F)—(a)’ of Section 3. The Nemytskii operator
Ni(u) = f(-ul), Ny : [LIOQ,w)]¢ — [LTO(Q, w/ T=D)|4 s continuous.

Proof. Let (ug)r C [L90)(Q,w)]? be such that up — u in [LIO)(Q, w)]? as k — oo.
We assert that Nj(ug) — Nj(u) in [L9O(Q,w'/(1=D)]% as k — oco. Indeed, fix
a subsequence (ug,); of (ux)x. There exist a subsequence, still denoted by (ug;);,
and a function h € L10)(Q, w) satisfying (i) and (i) of Lemma Appendix B.1, with
m =d, o =qand w = w, that is ux; — v a.e. in Q@ and |ug,| < h a.e. in  for all
j € N. In particular, [Ny (ug,) — Nj(u)]? @t/ (1=a(®) 5 0 ae. in Q, being f(z, )
continuous for a.a. x € Q. Furthermore, by (F)—(a)’,

Ni(ug,) — N (w)| @ O=1@) < (1 + p2@)) e L1(Q),
WAL f

where k = 22q,+_1maX{C;/+,C;/’}, since w € L%Z(Q) C LY(Q), being w > 1 and
Q bounded by (3.8). Hence, Ny (ux,) — Ny(u) in (L9 O (€, w'/(1=D)] by the clas-
sical dominated convergence theorem. Therefore, the entire sequence (Ny(uk))k
converges to Ny (u) in [L9 ) (Q,w'/(1=D)]? as k — oo, as requested. m|
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Proposition Appendix B.1. The space ([W()L’p(')(Q)]d’ [ - ||> is uniformly con-
ver.

Proof. By Theorem 2.4.14 of [19] it is enough to show that p(u) = pp.)(|Dr(u)|n)
is uniformly convex, since property Ay holds, with K = 2P+ > 2, being 1 < p; < o0.
By Theorem 2.4.11 of [19], the uniform convexity of p,.)(| - |n) follows by proving
that o(z,u) = |u|1]’\§l) is uniformly convex in RY for all x € €. Since p_ > 1 it is
enough to show that ¢(u) = |u|f is uniformly convex in RY. Indeed, if p(u) = |u|};
is uniformly convex in R¥, then by Definition 2.4.5 of [19] for all ¢ > 0 there is
§ =6(g,p—) € (0,1) such that for all u, v € RY, with |u—v|y > e max{|u|n, |v|n},
we have

P
BECEDE

u+v
2

July + [vly

Therefore, for all x € )

u+v
2

p(x) p— p—\ P(@)/p- p(x) p(z)
< (1 —§)P@)/p- <|“|N‘2HU|N) <(1- g)w,

N

as required.

To complete the proof it remains to show that p(u) = |ul}; is uniformly
convex in RY. To this aim we fix ¢ € (0,2) and u, v € RV, with |u — v|y >
emax{|u|y, [v|n}. If | uly — |v]n| > emax{|u|n, |[v|x}/2, then there exists § =
d(e/2) € (0,1) such that

<|u|N . w)p < (1 gl ;M?@)

since 7+ 7P~ is uniformly convex in Ry, as proved in the Remark 2.4.6 of [19],
being 1 < p_ < oo. Therefore the claim follows at once since |u+v|y < |u|y +|v|N.
Let us then consider the case when 2‘ |ulny — |’U|N‘ < emax{|u|n, |v|n}. Hence,

By the parallelogram identity

|lu —v|§y > emax{|u|n, |v|n} > 2| lu|n — |v|N|.
2 2 2 2 2 2
_ ‘U|N+‘U|N_ u—v |U|N+|U|N_ u—v

3 2 uly = Joly )
N 2 2 2 N~ 2 4 2 N 2
2 2 2
3 3
_ luln + |v|N 7*|u71}|?\/§ I,L . luln + [v|n .
2 16 16 2

In conclusion, it is enough to take § =1 — /1 — 3¢2/16 € (0, 1) in order to get

u—+v
2

" |uln + vl July + [vly

< (1) (L) o gyl Fhly .

u+v
2

N
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