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Abstract

In this paper we consider the problem of non-continuation of solutions of dis-
sipative nonlinear Kirchhoff systems, involving the p(x)-Laplacian operator and
governed by nonlinear driving forces f = f (¢, x, u), as well as nonlinear external
damping terms Q = Q(t, x, u, u;), both of which could significantly dependent
on the time ¢. The theorems are obtained through the study of the natural energy
Eu associated to the solutions u of the systems. Thanks to a new approach of the
classical potential well and concavity methods, we show the nonexistence of global
solutions, when the initial energy is controlled above by a critical value; that is,
when the initial data belong to a specific region in the phase plane. Several con-
sequences, interesting in applications, are given in particular subcases. The results
are original also for the scalar standard wave equation when p = 2 and even for
problems linearly damped.

1. Introduction

In this paper we investigate the question of global nonexistence of solutions
for dissipative anisotropic nonhomogeneous p (x)-Kirchhoff systems. As far as we
know, this is the first non-continuation paper concerning with them; for related
asymptotic stability problems we refer to [3]. The natural setting is the variable
exponent Sobolev space WOl P (')(Q), where p varies continuously in 2. In details,
we consider in R x Q

i — M (Iu(®) Apeoyu + plul?@2u + Q. x, uup) = f(t,x, 1), 0
ut,x)=0 onRY x 92, ’
where u = (uy,...,uy) = u(t, x) is the vectorial displacement, N > 1, R:{ =

[0, 00), L is a bounded domain of R” and ;« = 0. Here A p(x) denotes the vectorial
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p(x)-Laplacian operator defined as div(| Du|”*)~2 Du), where div is the vectorial
divergence and Du the Jacobian matrix of u. While the associated p(x)-Dirichlet
energy integral is Su(t) = [o{|Du(t, x)|”*™) /p(x)} dx. The functions f, M and
Q represent a source force, a Kirchhoff dissipative term and an external damping
term, respectively.

Throughout the paper, we assume that (Q (¢, x, u, v), v) = 0 forall (t, x, u, v)
inRf x @ x RV xRV,

Qe CRI x2xRYxRY - RY) and fe CR x 2 xRY - RY),
f(tv-x!u)z Fu(ts-x’u)’ F(t7x30)=0’

so that F(t,x,u) = fol (f(t, x, Tu), u)dr is a potential for f in u; and also (.#)
the function M € C (Rg — Ra‘) is locally Lipschitz in Rt and such that

y M () ZTM(r), TeRS, () =/T M(z)dz,
0

for some number y 2 1.

The question of non-continuation of solutions is treated by means of the nat-
ural energy Eu associated with any solution u of the system, refer to (3.1). The
main result is Theorem 3.1, where the initial energy Eu(0) is bounded from above
by the critical value Ei; see Fig. 1. Refining an argument introduced by Pucct
and SERRIN [22, Theorem 1-(ii)] for evolution systems with linear damping terms,
together with a new combination of the classical potential well and concavity meth-
ods, in the way used, for example, in [17,18,23] for the wave case, and in [25] for
the standard wave Kirchhoff equation, we completely extend the region of global
nonexistence for the anisotropic Kirchhoff systems from ¥ to 3. Indeed, global
nonexistence results are proved assuming only that Eu(0) < E;, independently of
the initial value [|u(0, )|l4(.; as an illustrative example we refer to Corollary 4.1.

Fig. 1. The phase plane (v, E). Here E = Eu(0), where Eu represents the natural energy
associated with the solution u of the system, while v stands for [[u(0, -)[|4(.). The global
nonexistence results, given in [17,18,22-25] in special subcases of this paper, concern only
the region ¥ which is smaller than ¥, when global nonexistence occurs
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Here || - [l4(.) denotes the norm in the anisotropic Lebesgue space L9 (), where
q(-) is a variable exponent related to the growth of f in the u variable, see condition
(#3) in Section 3, or the application given in the example (4.1)—(4.2). The results
of this paper are new even in the standard wave case when p = 2 as well as when
Q is linear in the v = u, variable.

Several consequences are deduced in special subcases of f, M and Q, inter-
esting in applications; see Section 4. We also show that if u is a global solution of
(1.1) and Eu(0) < Ey, then Ey < E;. This result allows us to prove in a new way
and wider setting that if u is a local solution of (1.1), with ||u(0, -)|l4) > vi and
Eu(0) = Ey, thenu cannot be global, see Theorem 4.3. The possibility to cover this
case was first discovered by VITILLARO [23], but with a different proof technique
and only for strong solutions, even if not explicitly stated, refer to [23, the proof of
case (a) of Theorem 3]. When f significantly depends on ¢, Theorem 4.3 handles
also the case Q = 0, not covered in [23], refer to Remark 4.1. Indeed, we are able
to establish refined results, even dealing with a wider class of solutions verifying a
weak conservation law, thanks to a new argument based on the lower bounds of the
potential energy along a solution #. The main reason to consider weak solutions
was first given in [20, Remark 4 at page 199]; see also [21, Remark 2 at page 49]
and the discussion on [17, page 345].

In recent years, the study of p-Kirchhoff equations involving the quasilinear
homogeneous p-Laplace operator, based on the theory of standard Sobolev spaces
Wé "P(Q), has been widely studied, see, for example, [6,25], while for wave equa-
tions [7], and for the elliptic case [5,8]. In particular, in [25] global nonexistence
results are proved for scalar Kirchhoff equations, when Eu(0) < E; and all the
exponents are constant, with p(x) = 2. In addition, in [25] the conservation law
is assumed only in the stronger form (B)s, so that the energy function Eu is non-
increasing in R(J)r (see Sections 3 and 4 for the definition of (B)s and Remark 5.1).
Finally, in [25] the damping function Q depends only on v, while f is a pure power
of u. Here we cover much more situations, in which the dependence on ¢ could be
significant.

Last but not least, we recall that the nonhomogeneous p(x)-Kirchhoff operator
has been used in the last decades to model various phenomena, see [9-16,19,26,27]
and the references therein. Indeed, recently, there has been an increasing interest in
studying systems involving somehow nonhomogeneous p(x)-Laplace operators,
motivated by the image restoration problem, by the modeling of electro-rheologi-
cal fluids (sometimes referred to as smart fluids), as well as the thermo-convective
flows of non-Newtonian fluids: details and further references can be found in [2
and 19], while for the regularity of weak solutions we refer to [1].

2. Basic facts and notation

Let h € C4(2), where

C.(Q) ={heC(Q):minh(x) > 1},
xeR
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and define

hy =suph(x) and h_ = inf h(x).
x€Q

x€Q

Hereafter p € C () is fixed. The variable exponent Lebesgue space, denoted by
LPO(Q) = [LPY(Q)]Y and consisting of all the measurable vector-valued func-
tions u : 2 — RY such that fQ [ (x)|P™) dyx is finite, is endowed with the so called

Luxemburg norm
p(x)
dx <1t

lull oy =inf JA > 0 2/
Q

and is a separable and reflexive Banach space, refer to [ 16, Corollaries 2.12 and 2.7].
For basic properties of the variable exponent Lebesgue spaces we refer to [16].
Since here 0 < |Q2| < o0, if g € C+(§) and p < ¢ in €, then the embedding
LIO(Q) — LPO(Q) is continuous, refer to [16, Theorem 2.8].

Let L” O)() be the conjugate space of L) (), obtained by conjugating the
exponent pointwise that is, 1/p(x) + 1/p’(x) = 1, [10, Theorem 1.14]. For any
ue LPO(Q) and v € L () the following Holder type inequality

u(x)

I/ (u(x), v(x)) dx
Q

1 1
= —+—) Nl pey vl pre-
(P p/ 140 P

is valid, where (-, -) is the inner product on RN x R [16, Theorem 2.1].

An important role in manipulating the generalized Lebesgue—Sobolev spaces
is played by the p(-)-modular of the LP")(Q) space, which is the convex function
Pp() LPO(Q) — R defined by

Pp() (@) =/QIM(X)IP(X)dX-

If (uj);, u € LPY(Q), then the following relations hold: [[ull,) < 1 (= 1; >
D& ppow) <l(=1; >1),

lullpey 2 1= lul2e) < ppey) < 2y,

p

‘ 2.1)
[,zr.) § pp(~)(”) § ”u”Z(.)a

lullpey = 1= [lull

and |luj — ullpc) — 0 & ppy(w; —u) — 0 & (uj); converges to u in measure
inQand pp()(uj) — ppc)(u), since py < oo. In particular, p,(.) is continuous in
LPO (). For a proof of these facts see [10, Theorem 1.4] and [16].

The variable exponent Sobolev space WP (Q) = [WHPO(Q)]V, consist-
ing of functions u € LP)(Q) whose distributional Jacobian matrix Du is in
[LPO ()], is endowed with the norm

el pey = Nl piy + 1 Dull pey-

Thus Wl’p(')(Q) is a separable and reflexive Banach space, refer to [16, Theo-
rem3.1]. Define Hy " (@) = [H, """ (2)]" as the closure of C§°(R) = [C5o (@)Y
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in W-PO(Q), and Wé’p(')(Q) = [Wol’p(')(Q)]N as the Sobolev space of the func-
tions u € WLPO(Q), with zero boundary values, refer to [12]. As shown by
ZHIKOV [26,27], the smooth functions are in general not dense in wLrO(Q), but
if p € C+(§) is logarithmic Holder continuous, that is, there exists L > 0 such
that forall x, y € Q, with0 < |[x — y| £ 1/2

lp(x) — p(WI = (2.2)

log(lx — y])’

then Hol’p(‘)(Q) = Wé’p(')(Q), namely the density property holds, see [12,15]
and in particular [14, Theorem 3.3]. Since 2 is a bounded domain, if p € C+ (ﬁ)
satisfies (2.2), then the p(-)-Poincaré inequality

lullpey = CliDull

is valid for all u € Wol’p(')(Q), where C depends on p, |2|, diam(£2), n and N,
[14, Theorem 4.1], and so

lull = I Dullpc)»

is an equivalent norm in Wé 0 (2). Moreover Wé PO (R2) is a separable and reflex-
ive Banach space. If p; < n and (2.2) holds, then the embedding Wé’p © (RQ) —
LP*(‘)(Q) is continuous, see [13, Theorem 1.1], where p* is the critical variable
exponent related to p, defined by the relation
np(x)
n—p(x)
Details, extensions and further references can be found in [10,12-16].
Hereafter, we assume that

pi(x) = forall x € Q.

p € Co(Q) satisfies 2.2)and 1 < p_ < py < n.
Forall h € C(Q), with 1 < h < p* in Q, we denote by Ay the Sobolev constant,
depending on &, p, |2|, n and N, of the continuous embedding Wol’p(')(Q) LIS
L"O(Q), that is
lullney < Aoyl Dullpey forall u e Wy'P? (), (2.3)
see [13, Theorem 1.1] and also [16, Theorem 2.8]. Of course in (2.3) we can take
h=1.
For simplicity in notation
LrO@) = [LPO@1Y, Wyt @) = Wy @)Y,
endowed with the norms || - || ,() and [lu|| = || Du|| p(.), respectively.
Throughout the paper, the usual Lebesgue space L (2) = [L2(2)]V isequipped
with the canonical norm ||¢||; = ( fQ lp(x)|? dx) Y 2, while the elementary bracket
pairing (@, ¥) = fQ (p(x), ¥(x))dx is clearly well defined for all ¢, ¥ such that
(¢, ¥) € LY(). Finally
K = CRE — W, @) N C'RE — L)

denotes the main solution and test function space, adopted in Sections 3 and 4.
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3. The main theorem

In this section we provide a non-continuation result for the solutions of the
problem (1.1) and assume that f, M and Q are as in the Section 1. Suppose also
that for all € K

F(t, - ¢t ), (f(t,-, ¢, ), ¢, ) e LYQ) forall teRS;
(ft, @, ), (1, ) € Li (RD).

The potential energy of the field ¢ € K is given by

(F1)

Fot) =7, 9) =/QF(t,x,¢(t,X))dx,

and it is well defined by (%)), while the natural fotal energy of the field ¢ € K,
associated with the problem (1.1), is

E¢(t) = Sl (t, )3 + Ap(t) — T (1),

) 3.1)
o) = Iy +u [ LENT 450
Q p(x)

where « = 0 and Z ¢ is the p(-)-Dirichlet energy integral, that is

|Dg (1, )P
——dx

IPt) =9, ¢) =
p(x)

Of course E¢ is well defined in K. Forall ¢ € K and (¢, x) € Rg x 2 we define
pointwise

Ap(t,x) = =M(IG)Apyd (1, X) + puldpt, )PV 2p (1, x),  (3.2)
so that A is the Fréchet derivative of &7 with respect to ¢. By (.#) we have
(AB(t,), (1. )) = M(I$ 1) pp(D(t, ) + 1pp) (B, )
< by [w(r)M(w(r)) +u /Q "Wpf—j)'p” dx} (3.3)

< yprd $(1).

Before introducing the definition of the solution to (1.1), we assume the following
monotonicity condition

(F») F1 20 in RS x WP (@),

where .%; is the partial derivative with respect to ¢ of # = .Z (¢, w), with (¢, w) €
RE x Wy ().

Following [3 and 20], we say that u is a (weak) solution of (1.1)ifu € K
satisfies the two properties:
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(A) Distribution Identity

t
(s, ) ]5=/0 { (ur, @) — M(Fu(v)) - (|Du|”Y~2Du, Dp)
—u(ulPO72u, ¢y — (Q(t, -, u, uy) — f(t, - u),$)} dr

forallt € R} and ¢ € K;
(B) Energy Conservation
() Zut) = (Q. - ult, ), u;(t, ), ur(t, ) + Fu(t) € L (RY),

t
(i) Eu(t) < Eu(0) —/ Pu(r)dr forall ¢ e Rar.
0

In general it is important to consider (weak) solutions instead of strong solu-
tions, namely functions u# € K satisfying (A), (B)-(i), while (B)-(ii) is replaced by
the Strong Energy Conservation (B)s-(ii), that is Eu(t) = Eu(0) — f(; Du(t)dr
forallt € R(‘)" . The main reason was first given in [20, Remark 4 at page 199]; see
also [21, Remark 2 at page 49] and the discussion in [17, page 345]. Of course if u
is a strong solution, then Eu is non-increasing in Ra’ and this makes the analysis
much simpler. We refer also to the Remark 4.1.

Remark 3.1. If u € K is a solution of (1.1) in ]R(J{ x 2, then by (3.1); there exists
always w; = 0 such that &/u(r) = wy forallr € Rg. Hence by (3.1)1, (B)-(ii) and
(%) we get Zu(t) 2> wi — Eu(0) = —Eu(0) for all t € R}, in other words .Z u
is bounded below in ]R(‘)" along any solution u € K.

In order to state our main result we consider the following condition:
(:F3) There exists a function q € C4(2) satisfying the restriction

max{2, yp+} < q-, (3.4)

with the property that for all § > 0 and ¢ € K for which infthar Fo@) = 3,
there exist ¢y = c1(F, @) > 0 and g9 = ¢0(§, ¢) > 0, such that

)
Fo(t) < cipgy(@(t, ) forall teR],
and for all ¢ € (0, &g) there exists co = c2(§, ¢, €) > 0, such that
(ii)
(ft, o)), d(t, ) — (q— — &) FP(t) Z copq()(@(t, ) forall teR].

In general the function ¢ € C4 () verifies further restrictions than (3.4) in
order to get the validity of (.#1) and (%), see Section 4 for concrete examples.

Theorem 3.1. Assume (), (%) and (9). If u € K is a solution of (1.1) in
Rar X 2, then wy = infteRa' Fu(t) > —oo. If there exists w > —1 such that

Eu(0) < wwy, then wy > 0.
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Finally, if also (.%3) holds, then there are no solutionsu € K of (1.1)in R(J)r X €2,
for which

Eu(0) < (q—‘ _ 1) wy = B, (3.5)
YP+

and for which there exist T 2 0, g1 > 0,m > 1,k = —m, withm + k < q_, and
non-negative functions § € L{°.(J), ¥,k € WIL’CI(J), J = [T, 00), withk’ = 0,

loc

Y >0inJand ¥'(t) = o(¥ (1)) as t — oo, such that

(Q) (Ot ult. ), ur(t, D). u(t. ) < 16 ®)" " D)™ fute, ), 5™

forallt € J, and
8 < (k/y)" ! in J, / h ¥ (1) [max{k(r), y ()}~ dr = 00, (3.6)

for some appropriate constant 6 € (0, 6y), where

q-—2 qg- —m—«k ]
g—+2 m(l+qy)+x—q-

60 = min I (3.7)

Proof. Let u € K be a solution of (1.1) in Rg x Q. Clearly «7u and Fu are
bounded below in ]Rg as shown in Remark 3.1. In particular wp, > —oo and
inf,eRar Au(t) 2 wy for some w; = 0. Assume that Eu(0) < ww;, with o >
—1.Then Fu(t) Z w;— Eu(0) > w; —wwy, which giveswy > w;/(1+w) = 0,
and so wy > 0.

Suppose now that also (:%3) holds and by contradiction that there exists a solu-
tionu € K of (1.1) in Rf{ x €2, satisfying (Q) and (3.5)—(3.7) as in the statement.
Then E; > 0 since (3.4) is in charge, sothat o = —1 + g_/yp+ > —1. By the
first part of the theorem w; > 0 and so E >0 by (3.4). Fix E; = 0 in the interval
(Eu(0), E 1) and define the function

t
HC(t) = Ey — Eu(0) +/ Pu(r)dr
0

for each t € ]R(J{ . Of course 77 is well defined and non-decreasing by (B)-(i) and
(%), being 2 = 0 and finite along u. Hence, by (B)-(ii),

Er — Eu(t) > #(t) = = E» — Eu(0) > 0 for t € RT, (3.8)

where %) = 7 (0). Moreover, by (3.8), (3.1), the choice of E; and the definition
of wy, it follows that

A1) < Er— Eu(t) < Ey+ Zu@) < (q—_ - 1) Fu(t) + Fu(t)

YP+ (3.9)
A= Fu)

YP+
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for all + € ]R(J{ . In correspondence to § = wy > 0, ¢ = u € K, there exists
g0 = eo(wy, u) > 0 such that (:#3) holds true and, without loss of generality, we
take g9 > 0 so small that

gowz = (q— — yp)wz — yp+ Ea, (3.10)

which is possible since wy, > 0 and E; < El. Note that (3.10) forces
€0 = g— — yp+, being Ez = 0.
Fix ¢ € (0, &9) and take ¢ = u in the Distribution Identity (A). By (3.1)

d 2

e, ) = el (6B + (g = e)u(e) — (Au(t, ), ur, )
+ (f(t» Nl M(tv ))7 M(t, )) - (4]— - 8)yu(t)

—(g- —&)Eu(t) = (Q(t, -, u(t, ), u(t,-)), u(t, -)),

where ¢c3 = 1 4+ (g— — €)/2 > 0 by the choice of ¢. By (3.3), applying (.%3)-(ii)
with ¢2 = c2(wa, u, &) > 0, we obtain for all t € R

d
E(ut(t’ D, u(t, ) Z esllus(t, )3+ c2pgyW(t, ) — (q— — e) Eut)

- (Q(tv s M(tv ')a ut(tv ))a u(ta )>+(Q—_‘9 - yp"r)%u(t)
Hence by (3.1) and by the definition of w», since ¢ < g_ — yp+ by (3.10) and
Eu < E) — 2 by (3.8), we have

d
o7 (@), ut, D) Z &llur(t, )3 + c2pg(y w(t, )) + (g —& — yp)wn

<Q(t7 y M(t, ')7 ut(t1 ))7 M([, )) - J/p+EM([)
2 &lur (8, )13 + c2pq(y (t, ) + (g- — & = ypiwn
- <Q(t7 ) u(tﬂ ')7 M[(t, ))’ u(t’ )) + yp+%(t) - Vp+E27

where ¢3 = 1 + yp4 /2. Consequently,

d
(Mz(f D, u(t, ) Z Ellug(t, )3 + capgy wlt, ) + yps H (1)
- (Q(t’ y M(t, ')7 ul(t’ ))7 I/[(t, )>’

@3.11)

again by (3.10).
By (F3)-(). if [lu(t. )llq() = 1 then Fu(r) < c1flu(z. )|, by (2.1)1. On the
other hand, if [lu(t, )ll4) < 1 then wy = cylu(t, )||q() by (%#3)-(1), the defini-

tion of wy and (2.1)>. Hence [lu(z, -)ll4¢) = (w2/c1) 1a- 5 0, so that Zu(t) <
c1pg(y(t, ) = ¢ (cl/wz)‘”/q [Ju(t, )||q() by (#3)-(i). In conclusion, along
the solution u, we have for all t € Ra’

Fu(t) £ & llult, 5, with & = maxfer, 1 (er/w)®/4).
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Hence, by (Q) and (3.9)
(Q(tv y M(tv ')1 ut(tv ))7 Ll(t, )>

_ l/m’ _ 7
< qillu(, -)||3;{’"(5(z)]/<’" ”@u(t)) lae (e, ¢y

_ m " 1/m _F
< Gallue, " (60 guw) T 1 Fu)]

" " 1/m' _F
< callute, )" (60 gu) 1 o)

forallt € J, where ¢4 = (¢1q_/yp+) g1 and

="K 0,1, (3.12)

mq+

sincem + k < g— and k = —m by (Q). Put

F=

1 1
ro = min [7,———]. (3.13)
2 q-

Note that 6y in (3.7) can be expressed as 8y = ro/(1 — rp), and take from now on
r=0/(1+0),sothatr € (0, rp). Consequently, by Young’s inequality, we get

(Q(t’ ) M(t, ')v M[(t, ))7 M(tv ))
< {cs&ylute, o, + €780 guio } L 01 (3.14)
< (eal)" A e, ey + €A SO VL0 Du ),

where in the last step we have used the facts that # = %) by (3.8) and that
0 < r < rg £ 7 by (3.13). The parameter £ > 0 will be fixed later. Since
Gu = A, we see that (1 — r)# " #" = ['~"]. Hence it is convenient to
introduce the function

P = 2(t) = M) [ + @) (uy, u),

where 1 > 0 is a constant to be fixed later. Clearly 2 € Wlh’cl(J ) by Corol-
lary VIIL9 of [4] and so, almost everywhere in J,

d
Y = k(1 — )T A+ 0K AT+ ‘pE(”” u) + ' (up, u).

If 1 € R} and py(u(t, ) = 1, then pye)(u(t, ) = Jlu(t, .)||Z;,), by (2.1);. Oth-
erwise pg( (u(t, -)) < 1, so that by (#3)-(i) we have wa < ¢ and pg¢y (u(t, ) 2
wa|lu(t, -)||g;,)/c1. Hence for all 1 € R} we get pg()(u(t,)) = min{l, wy/cy}

lu(z, ')I|Z(_). Therefore, by (3.11) and (3.14), almost everywhere in J
L2 0k(L =) AT A+ A AT+ g )
v {@llnl3 + capgr @)+ ype At = (OG-, 1)}
> (xk(l Ry AT 51/<’"*1>w) HTH A ypah A+ WK AT

v e, ) + 0 (Sl + Gl — (a0 5 il |
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where ¢; = min{cy, cpwz/c1}. Thus, almost everywhere in J, by (3.6); and the
fact that Ak’ 221" > 0, we find

¥ >k (m - z—m’jﬁ{”) HTTH & yp H

0 e, ) + v (@l + Gl — (a0 5wl |

Next, from Cauchy’s and Young’s inequalities, and the definition of K, we have
g (2 (D) S N (e, D2l Dl £ Nuele, )5 + lude, 5. (3.15)

Consider now the relation z8 < (z + 1) < (1 + 1/n)(z + 1), which holds for all
z20,6 €[0,1],n > 0, and take z = ||u(r, -)||g’,é‘ =2/q- < 1,since g_ > 2
by (3.4), and n = %), we obtain

(e, I3 < A+ 1/ (lu, )N + ).

Of course the embedding LIO(Q) — Lz(Q) is continuous by (3.4), and so there
exists a positive constant B, independent of u, such that [|u(z, )|l < Bllu(z, -)llg()-
Combining the last two inequalities, we get

lut. )13 < estlute, ), + A2 @), (3.16)

where ¢5 = (1 + 1/5%) max{1, B?-} > 0, being 7 = %) in J by (3.8). Then,
using (3.15) and (3.16) in the preceding estimate of Z”, we find that

2 2k =n - ey TV e
+Y @ = W DI l3 + ¥ {yps — sl /wl} o (3.17)
v {@ = esl /] = (e A5} e, 1,

There is Ty € J such that 2|y/'/¢| < min{c3, ypi/cs,Ca/cs} forallt € J; =
[T}, 00), since ' = o() ast — oo. Then we take £ > 0 so small that 4(c4£)"™ <
Gy and A > 0 s0 large that A = max{%’fy/ém/(l —r), 1Yand Z(T}) > 0.1In
conclusion, we have shown that for almost all r € J;

20 2y [ A0 + B+ el ) Gas)
where 2C = min{¢, /2, ¢3, yp+}. Since k(Ty), 7 (Ty) > 0, in particular 2 (1) =
Z(T)) > Oforallt € Jj.

On the other hand, from the definition of %, we obtain

2 < (A g w)l) < 207 {0+ 9 a1 S ) (319)

where @« = 1/(1 — r). Of course, @ € (1,2) by (3.13) and the choice of r. Put
v = 2/a, so that v > 1. Furthermore,
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by (3.13),and soav’ < g_. Thus, using the relation z8 < (z+1) < (14+1/n)(n+2)
once more, with z = ||u(z, -)||g*,$ =av'/q_ < | and n = F4, it follows that

e, G S A+ 1/70) (Ao +lue, 15 Ses (A @)+ u, Mge)s (3.20)

by (3.8), where c5 is the same constant as in (3.16). Hence, from (3.19), Young’s
inequality and (3.20), for all t € J;

Z @ < 27 max(ak(0, YOI { A0 + g0, )13° + ucz, 13"}

< D (max(k(0), Y ON {0 + e, )13 + e, )11 |

where D = 2271 (¢c5+1). Combining this with (3.18) and A = 1, we obtain almost
everywhere in J;

7z %w [max{rk, Y37 = ce [maxfk, Y}]17°,

where ¢ = C/DA*. Finally, since « = 1 + 6, being r = 0/(1 + 6), by (3.6)2 we
see that 2 cannot be global. This completes the proof. O

Remark 3.2. In [17 and 23-25], assumptions (%1)—(.%3) and (Q) are required in
a stronger form and the main structure geometry there implies in particular

inf /u(t)>w; =0, Eu() < E; = (1 - Vﬁ) wi. (321
teRY q-

Observe that condition (3.21); is always true and so Zu(t) 2 w; — Eu(0) as noted
in Remark 3.1. Hence wy > w; — E| = ypiw;/q— when (3.21) holds. This yields
El > E; 2 0. Therefore (3.5) is always weaker than (3.21). Of course in (3.21)
the case wi > 0 is more interesting, see [23], while the case w; = 0 was early
treated in [17].

From the first part of Theorem 3.1 under (%#1)—(%,) it is evident that if u € K
is a solution of (1.1) in RS‘ x Q and wy = infle]Rar Zu(t) <0 then Eu(0) = E;.
Hence, being wi < Eu(0) + wy < Eu(0) by (3.1), also the case (3.21) can never
occur, since E1 < wj.

4. Applications of the main theorem

In this section we present useful consequences of Theorem 3.1 and a qualitative
analysis, interesting in several applications. Suppose that M and f verify

>1, ifb>0,

M@)=a+byt’"', a.b>0, a+b>0,
© ’ = y{zl, ith=0, (4.1)

Ftx u) = g(t, 0)ul” O 2u + (o) ul?2u,
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where o, q € C+(§), ¢ € L*®°(Q) is a non-negative function, g € C(Rar x Q) is
differentiable with respect to t and g; € C (Rg‘ x €2); moreover

oy Sq-, max{2,ypi} <q-=¢q=p'inQ, and c=cllec >0;
0= —g(t,x), g(t,x) < h(x) in R x , for some h € L' (),
g(t,) e LY (Q)in R}, where (4.2)

p(x):{qw)/[q(x) o). oy <q-,
o0, 1f0+ =q-.

Lemma 4.1. Assume that M and f verify (4.1) and (4.2). Then (), (%1), (F2)
and (F3)-(i) hold. Furthermore, if in addition

oy <q- and c¢=essinfgc(x) >0, 4.3)
then (#3)-(ii) is verified, and in particular
(f(t, ¢(t,).¢(t.) Zq-Fp) forallp € K and 1t €R{. (44)

Proof. Of course (.#) is satisfied. For any ¢ € K,

I(f(t,x, @1, %)), d(t, )| S —g(t, V)P, x)|7W + c|p(t, x)9%),

so that by (4.2) we have (f(t, x, ¢(t,x)), ¢(t,x)) € L'(Q) forall t € R} and
(f(t, - $(t, ). d(t, ) € Ll (RY). Analogously, being
o (2, x)|0 | (2, x)|9)

F(t,x, ¢, x) = g(t,X)T +C(X)W,

then also F (¢, x, ¢(t, x)) € L'(Q) forallt € R(‘)". Hence (%)) holds. Furthermore,
forany ¢ € K

o(x) (x)
FoW) = F(t,§) = / ot ) PEITT | (BEOTT 4s)
o o) TS

The same expression holds for .Z (¢, w) when (¢, w) € ]R(J)r X Wé’p(')(Q). Thus,
differentiation under the integral sign gives

lw(x)|7™)
o(x)

F(t, w) =/ g:(t, x) dx.
Q

Hence 7 = 0in R x Wy")(Q) by (4.2), and so () is fulfilled.
By (4.5)forall ¢ € K

(x)
Fo) < / c(ry RE DT
Q q(x)

being g < 0. Hence, (.-%3)-(i) holds for all § = 0, taking ¢; = c¢/q_.

dx < qi_ ey (2, ), (4.6)
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Assume now also (4.3) and put &9 = g— — o4 > 0, so that for all ¢ € (0, &9)
and ¢ € K, by (4.1)—(4.5), we have

(8 ). p(t.)) — (g — &) Fp(1)
(1 - 8)/ g(t. )|t 1) W dx + i/ ()| (t, 1)1 dx
o Q q- JQ

+

1\

1%

& e @)
o Pao (@),

Thus, (F3)-(ii) is fulfilled, with ¢c; = ce/g— > 0 and ¢ given in (4.3). Letting
& — 0 in the above inequality, we get at once (4.4). O

In [23-25] assumptions (4.1)—(4.3) trivially hold, with g =0, c =1, p =2
and also ¢, y constant with g > 2y, and of course y = 1 in [23,24].

Lemma 4.2. Assume that the continuous damping function Q given in the Intro-
duction verifies also the pointwise condition (Q) There exist constants tg = 0,
m > land k 2 0, withm + k < g_, and a non-negative function d € C(Rg’ —
L9-/4==%=m) ()Y such that

10, x, u, v)| < [dt, ©)ul1/"(Q(t, x, u, v), V)™ 4.7)

whenever (t, x,u, v) € [tg, 00) x Q x RN x RN, Then (Q) is satisfied along any
solution u of the problem (1.1), with T 2 tg and (1) = ||d(t, Mg /(g —x—m) €
C (]R(';r ), provided that (%) holds.

Proof. Clearly (Q(t, -, u(t,-), us(t,-)), us(t,-)) = 0 for each t = 0 along any
solution u € K of the problem (1.1), and so Zu = 0, since also Zu = 0in R} by
(F), and Pu is finite in R along u by (B)-(i).

By (4.7) and Hélder’s inequality, for each t 2 tg, along any solution u of (1.1),

|Q(t’ 'a u(t’ ')7 ul(t9 ))”qL

q_—m

é (/Q {d(t, x)|u(t,x)|'<}ﬁ dx) mq— <Q(t7 U, ul)s u[(l, .)>l/m’,

whereg” = (¢q—)' = q+/(g+—1). Onthe other hand, applying once again Holder’s
inequality, we find that

q_—m—k

/{d(t’x)'“(f’x)|K}"‘q%’” dr < (/ d“‘q’”dx) o (/ Iu|qu)q_m.
Q o i

Hence, combining the last two inequalities, we get by (%)

1 K
”Q(tv ) M(l, ')? M[(l‘, ))”qL é ”d(t’ )”m q— ||M(t, )”;i(Q(tv s U, ul)’ M[(l‘, ))ﬁ

q——k—m

<8OV ue, " Dun)



Nonlinear Kirchhoff Systems 503

where a(r) = |ld(t, )lq_jq_—c—m) € CRY) by (Q1), so that § € L (RS),
while ¢ = ¢4/(q+ — 1), as above. By the obvious continuity of the embed-
ding L1V (Q) < L9- () there is a constant B > 0 independent of u such that
lu(t, Hlg_ < Billu(t, )4 forallz e Ra’. Hence

|(Q(t’ U, M;), M([, ))' S ”Q(tv U, ul)”q’ ”M(I ')”q_

. , (4.8)
< @8 ™ ute, gy " puny)

1+K/m

where g1 = B, m}

Of course in [23-25] assumption (Q1) is automatic, withxk = 0and 1 < m < ¢,
being there g = g4+ = gq.

Let us now distinguish two cases, depending on whether b is zero or not. Of
course, when b > 0 and a = 0 we are in the so called degenerate case, which is
in our context more interesting. Recall that we have assumed y > 1 when b > 0,
whiley = 1ifb=0,andputs =bif b > 0, whiles = a if b = 0.

Lemma 4.3. Assume (4.1) and (4.2). If u € K is a solution of (1.1) in R+ X Q,
then forall t € R+

Eu(r) > min {v(1)?, v(®)?* ' — = max{v()?-, v,
q_

(A +)

where v(t) = |Ju(t, )lq()

_ —1
A =max 300 320 sy feplTHY] 4.9)
and Ay (. is the constant introduced in (2.3).

Proof. Let u € K be a solution of (1.1) in R(‘)" x €. By (2.1) and (2.3) we have

b
Aut) Z M (Tu®) = p—pp<>(Du<r N+ [ono (Dutt. )
+

a

> mi in{I1Du(e, )10, 1Duc, 157
b . _

o min{1Dute, I IDu 1
a+ (4.10)

>_2 NG e 12 )

—Ap+mm[””( M2 Nt 128,

b . )
+(Ap+)y min {||u(t, ')||ij,) (e, .)||Z€)+}

> min {v ()", v()P+}".

N
= (App)Y

Therefore, since Eu(t) 2 /u(t) — Fu(t) foreacht € R;{ by (3.1), the assertion
follows at once by (4.10) and (4.6). O
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From Lemma 4.3 we obtain
Eu(t) Z ¢(u(t)) forall te Ry, @.11)

where ¢ : ]Rar — Ris defined by ¢p(v) = ¢ (v) if v € [0, 1], while ¢p(v) = @2(v)
if v = 1, with

c c
= T PO v
It is easy to see that ¢ attains its maximum at
v = all/(q’_yp”, where a; = _SVYP+ . (4.12)
c(Ap1)Y
The choice of A in (4.9) guarantees that v; € (0, 1]. Clearly ¢, takes its maximum
at v, = aé/('”_yp*), where a; = p_q_a1/p+qy+ < a; £ 1. Hence ¢ is strictly

decreasing for v = vy, with (v) — —o0 as v — oo. Finally,

_ YP+ _ sul P
o) =(1——)w; =E; >0, where w; = > 0. (4.13)
q (Ap)?

Put
E:{(U,E)GR2 tv>v, E< E(}.

Theorem 4.1. Assume (4.1), (4.2) and (Q1). If u € K is a solution of (1.1) in
R+ X Q, then wy = 1nfl€R+ Fu(t) > —oo. If, furthermore, Eu(0) < E\, with E;

given in (3.5), then wy > 0 and (v(t), Eu(t)) € Efor allt € ]RO, where
Y ={(w,E)eR?:v>u, E<E} (4.14)

and vy is defined in (4.12). Consequently, if in addition (4.3) holds, then there are
no solutions u € K of the problem (1.1) in Rg x 2, with Eu(0) < Ey, for which
there exist positive functions ¥, k verifying (3.6)—(3.7) as in Theorem 3.1.

Proof. Clearly Lemmas 4.1 and 4.2 are available, so that assumptions (%), (.%2),
(F3)-(1) and (Q) of Theorem 3.1 are satisfied along any solution u of (1.1). The
fact that wy is finite and positive are an immediate consequence of Theorem 3.1.
By (%), (Q1) and (B)-(ii) clearly Eu(t) < Eu(0) < E; forall r € R+

Suppose now that there exists 71 € RO such that v(r;) < vy. Then by (4.6)
and (2.1); we have wy < Zu(t;) < cu(t1)?-/g_. On the other hand, Zu(t;) =
sv(t)’P+ /(Ap4)Y by (4.10). Now, by (3.1), (F2), (Q1) and (B)-(ii), it follows
that

(q—‘ - 1) Zu)- 2 Ey > Eu(0) 2 dulty) — Fu(t)
q,

YP+

s c
2 v(t)"Pr — —uvu)?.

(Ap+)Y q-
That is v(t;) > [syp+/c(Ap+)V]1/(q_7Vp+) = v} by (4.12). This is an obvious
contradiction. Therefore v(t) > v; forall r € Ra’ ,and (v(t), Eu(t)) € 2 for all
t e R(J{ , as required.

The last part of the theorem is again a direct consequence of Theorem 3.1. O
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If u =0, fisasin (4.1)—(4.3), with g(z, x) = g(x), and Q(¢, x,u,0) = 0 in
(Q1), then any stationary solution u = u(x) of (1.1), with w, = Fu > 0, has the
property that Eu 2 E\y, that is Theorem 4.1 can never be applied. Indeed, in this
case Eu, «/u and .%u > 0 are constant in ¢. Hence by (3.1), (3.3) and (4.4), since
(Au,u) = (f(-,u), u) being u a stationary solution of (1.1),

o B - 3
Eu:(Tu—l)ﬁuz (q——l)ﬁu:(q——l)uO:El»
Fu YP+ YP+

as claimed.

In special reverse situations in which the external force f is of restoring type,
it is possible to show that if v(0) < vy and Eu(0) < Ej, then v(f) < v; and
Eu(t) < Eq forallt € Ra’, that is any point (v(¢), Eu(t)) on the trajectory of a
global strong solution # € K must remain in the potential well, see, for example,
[3, Lemma 4.3] and for dissipative wave systems [21, Remark on page 45], as well
as the references therein.

The global nonexistence results, given in [17] and [23-25] in special subcases of
this paper; concern only the region S which is smaller than ¥. Indeed, if Eu(0) <
E;, under the assumptions of Theorem 4.1, then for all z = 0

v(t) > v, du(t) > min {Ul_, vf+}y =w; >0, (4.15)

N
(Ap4)Y

by (4.10) and (4.13). Hence, E| < E 1 as already proved in Remark 3.2. In any case
we present also new results under the assumption Eu(0) < Ej, the first of which
being the following

Theorem 4.2. Assume (4.1), (4.2) and (Q1). Let u € K be a solution of (1.1) in
R+ x Q, such that Eu(0) < Eq, with E| given in (4.13). Then v; ¢ U(R+) and
wy = 1nft€R+ FZu(t) # yp+wi/q—, where vy and w) are defined in (4.12) and

(4.13), respectively. Moreover, wy > yp+wi/q— if and only ifu(]Rg) C (v1, 00).

Proof. Let u € K be a solution of (1.1) in R;{ x . Then wy > —o0, as shown
in the first part of Theorem 3.1. Assume also that Eu(0) < E;. We first claim that

vl ¢ U(Ra_ ). Proceed by contradiction and suppose that v; € U(R(‘)F ). It follows
that there exists a sequence (;); in Rg‘ such that v(¢;) — vy as j — o0. By
(4.11) we have E1 > Eu(0) = Eu(t;) = ¢(v(t;)), which provides E| > E by the
continuity of ¢ o v, and the claim is proved.

We show that wy # ypiwi/q_. Otherwise, Fu(t) = yprw;/q_ for all
t e R(J{. Therefore, by (3.1) and (4.13), we have

(q— — 1) Fu(t) > E; > Eu(0) > u(t) — Fu(t),
Y P+

so that, using (4.6) and (4.10), for each 7 € RS‘ we get

y—pqo(u(t 02 yq—‘f%‘u(t) > ulr) 2 min {v (07, v}
p

_(A)
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Hence, if ¢ € ]R(J{ and v(t) < 1, then cu(t)?-/yp+ > sv()YP+/(Ap4)Y using
also (2.1), that is v(#) > vj. On the other hand, if v(#) > 1, then automatically
v(t) > vy, being v; < 1. Hence, v(r) > v; foreach r € Ra', so that by (4.10),
we immediately obtain /u(t) > wj forallr € R, where w is defined in (4.13).
Consequently, Zu(t) 2 wy — Eu(0) > w; — E1 = yprwi/q— forall t € ]R(J)r
and in turn wy > ypyw;/q—. This gives an obvious contradiction.

Suppose that wy > yprwi/q—. We prove thatv(R(J{) C (v1, 00), which imme-

diately gives U(R(J)r) C (v1, 00), since v] ¢ U(Rg ). Assume by contradiction that
there exists t] € Rg for which v(#;) < vy. It follows

C C
Fu(ty) = q—v(ll)q’ < —uf" ="y,

so that wy < ypirw;/q—, which is impossible.

On the other hand, if U(RS') C (vy, 00), then v(t) > vy forall t € Ra'. Hence
Fu) Z wy — Eu(0) > wy — E| = ypyw;/q_ forall t € R(J{ by (3.1) and in
turn wy > ypiwi/q—, as required. O

In the next corollary we present an application of both Theorems 3.1 and 4.1.
In particular, we provide sufficient conditions under which assumptions (3.6)—(3.7)
of Theorem 3.1 are satisfied. Let Q = Q(¢, x, u, v) be a continuous damping func-
tion as in the Section 1 and assume also that there exists t* >> 1 such that for all
(t,x,u,v) € [t*,00) x © x RN x RN

O, x,u,v) =d(t, x)|ul|v|™" v, (4.16)

wherek 2 0,m > 1, m+«x < qg_,d € C(IR(J)r — La-/a-—k=m)(Q)), with
d(t,x) 2 0in R x Q. Put 8(t) = ||d(t, )lq_/(g_—«—m). Hence,

10, x, u, v)| = [d(t, ©)|ul1V"[(Q, x, u, v), v)]"/™

for all (r, x,u, v) € [t*,00) x @ x RV x RV, 5o that (Q) holds with ty = t*.
Now put J = [t*, 00).

Corollary 4.1. Assume (4.1)—(4.3), (4.16) and that 5(t) < 8;(1 + 1)¢ for each
t € J, for some appropriate numbers 81 = 1 and ¢ ~§ m — 1. Then there are no
solutions u € K of (1.1) in RS‘ x @, with Eu(0) < Ej.

Proof. Let u € K be a solution of (1.1) in ]Rg x Q, with Eu(0) < Ej. All the
structural assumptions of Theorem 4.1 are available, and it remains to provide the
auxiliary functions k and ¢ verifying (3.6), with 6y as in (3.7) to reach the desired
contradiction.

Take k(r) = 87" and Y (r) = 81 (1 + 1)~/ =D for each r € J, so that (3.6); is
verified in J. If £ = 0, then k(¢) = ¥ (¢) for each r € J, being §; = 1. Otherwise,
if £ < 0, take Sp = max{r*, ;1! — 1} so that for all 1 > S,

Y1) = ¥(So) = 81 (1 + S)!Vm=D > 5" — k().
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Hence, for each r = Sy we have

1—m'(14-0) —£/(m—1) .
) 1+t , fe=0,
Y Olmax(k(o), y oy~ = {0 004D o=
8771 4 nto/m=b, if ¢ <0.
Clearly (3.6), is verified for all & € (0, 8p), with 6y as in (3.7), whenever £ = 0
since £ < m — 1. While, if £ < 0, then we choose 6 € (0, 6p), so small that
0 < (m — 1)/|€], that is so small that (3.6), holds. O

Observe that even in the case £ < 0 the function § in Corollary 4.1 does not need
to be non-increasing in [Sp, 00), as the function 6 (¢) = §1|sin¢|(1 + )¢ shows. As
amatter of fact, § obviously verifies the relation § (r) < 81 (1+ ¢, butit approaches
zero as t — oo oscillating.

From now on in the section we assume for simplicity the structure assumptions
(4.1)—(4.3) and (4.16), with §(t) < 81(1 + 1)t for each t € J and some 8; > 1,
withf S m — 1.

The following corollary extends and generalizes Theorems 5 and 6 of [17], the
first part of Theorem 4 of [23] and Theorem 3.1 of [24], and Theorems 4.3 and 4.5
of [25].

Corollary 4.2. Problem (1.1) does not possess solutions u € K in Rg X 2, with
(O, gy > vi, Eu(0) < Ey, 4.17)
where E is defined in (4.13).

Proof. Assume by contradiction that # € K is a solution of (1.1) in ]R(J{ x €2, ver-
ifying (4.17). By Theorem 4.2 then wy > ypi+wi/q—. Hence Eu(0) < E; < El
and the contradiction follows at once by an application of Corollary 4.1. O

Proposition 4.1. If u € K is a solution of (1.1) in R;{ x , with Eu(0) £ Ej,
where E is defined in (4.13), then

wy < Y2+ ). (4.18)

Proof. Otherwise wy > ypiwi/q—, so that Eu(0) < E1, and u could not be
global by Corollary 4.1. O

In the sequel of the section we assume also
(9) There exists t, > 0 such that either

(1) g(t,x) = go(t) >0 foreach (t,x) €[0,1,) x Q, or
(i) ¢ € K and (Q(t,-, ¢, P:), ¢:) = 0in [0, t.] implies either ¢(t,-) = 0 or
¢ (t,) =0forallt € [0, 1],

which allows us to extend and generalizes the second part of Theorems 4 of [23]
and 3.1 of [24].

Theorem 4.3. Problem (1.1) does not possess solutions u € K in R(J)r X 2, with

(0, )lgey > vi,  Eu(0) = Ej. (4.19)
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Proof. Assume by contradiction thatu € K is a global solution of (1.1) in Rg X €,
verifying (4.19). By Proposition 4.1 we have wy < ypiw;/q—. We first claim that
wy < ypywi/q— cannot occur. Otherwise there exists fy such that Fu(fy) <
yp+wi/q—, so that by (B)-(ii) and (3.1)

wy — Fu(ty) > Ey = Eu(0) 2 Eu(ty) = u(ty) — Fulty),

and by (4.10), (4.12) and (4.13) it is not hard to see that v(fy) < wv;. Hence
to > 0 by (4.19) and by the continuity of v there exists s € (0, fp) such that
v(s) = vy. The above argument and (4.6) show that E{ = Eu(0) = Eu(s) =
w| — cv?*/q, = Eq. In other words, Eu(s) = E; and fos Pu(r)dr = 0 by
(B)—(ii). Consequently Zu = 0 in [0, s] and so, by (%;) and (4.16), we obtain
(O, -, u(t,),u(t,-)), us (¢, -)) = 0and .Zu(tr) = 0 forall ¢t € [0, s].

Now, if (2)-(i) holds, then

o(x)
= Fu(t) =/ gz(t,X)de 2 go—(t)pa(.)(u(t, )20
Q o (x) ot
for each t € [0, so], where so = min{z,, s}. Therefore p,()(u(t,-)) = 0 and
in turn ¥ = 0 in [0, sg] x €2, by (2.1). But this occurrence is impossible, since
l(0, )4y = v(0) > v1 > 0 by (4.19)1, so that we reach a contradiction.
While, if (2)-(ii) holds, since (Q(t, -, u(t, -), u (¢, -)), u;(¢t,-)) = 0 for all
t € [0, sol, we get that either u(¢, -) = 0 or u,(¢,-) = 0 for all ¢ € [0, s¢], where
as above so = min{z,, s}. Again, as already shown, the first case cannot occur
since v(0) > vy. In the latter, u is clearly constant with respect to ¢ in [0, so],
and so u(t,x) = u(0, x) for each t € [0, sp]. Taking ¢ (¢, x) = u(0, x) in the
Distribution Identity (A), then for each ¢ € [0, so] we have t{Au(0, -), u(0, -)) =
fé(f(t, -, u(0, ), u(0, -))dr, since (Q(t, -, u(0, -), 0), u(O ) = 0 by (4.8), be-
ing ZJu = 0 in [0, sg]. Therefore (Au(O0, -), u(0, -)) (f@,-,u,-)),u,:))
for each ¢ € [0, so], and so (A(u(0, -)), u(0, -)) = (f(O, - u(0,)),u(0, ). Now
yp+Fu(0) 2 g_.Zu(0) by (3.3) and (.%3). On the other hand, E| = Eu(0) =
Au(0) — Fu(0) by (3.1), since u;(0,-) = 0. By (4.15) and (4.13) we have
2/u(0) > w; > 0, and so

E > (1 Vp+)42%u(0) > ( ”ﬁ) wy = E
q

by (4.13). This contradiction shows the claim.

Hence wy = ypyw;/q—. Inparticular Fu(r) = yprw;/q— forallt € Rg and
we assert that equality cannot occur at a finite time. Indeed, if there is s such that
Fu(s) = yprwi/q—, then v(s) = vy by (4.6) and (2.1). But v(s) > v; would
imply Eu(0) > E, contradicting (4.19). Hence ZFu(s) = ypywi/q—, v(s) = v
and so Eu(s) = E;. From now on we can repeat the argument above in corre-
spondence at such s and assumption (Z) will produce the required contradiction
again.

Therefore it remains to consider the case wy = ypywi/q—, Fu(t) > wy and
v(t) > vy forall ¢ € Ra' . A continuity argument shows at once that

liminf Zu(t) = ws.
—00
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On the other hand by (3.1) and (B)-(ii) we have w; — Fu(t) < Eu(t) < Ej,
so that limsup,_, ., Eu(t) = E;. Hence fooo Pu(tr)dr = 0 by monotonicity. In
particular Zu = 0 in R(‘)" , which is again impossible by () using the argument
already produced. This completes the proof. O

Remark 4.1. The possibility to cover the case (4.19) was first discovered by
VITILLARO [23], but only for strong solutions. Indeed, to cover (4.19) in [23,24]
the energy conservation law was considered with the equality sign, as in (B)s-(ii),
even if not explicitly stated, as for example, in the proof of case (a) of Theorem 3
of [23]. Furthermore, in [23,24] essentially the autonomous case was treated. It is
interesting to note that Theorems 3 and 4 of [23] covers only the case when Q > 0
near 0, while in Theorem 5.4 we are able to consider even the situation in which
Q = 0, provided that (2)-(i) is valid. The proof of Theorem 4.3 differs from that
of Theorems 3 and 4 of [23], being based on Proposition 4.1 and on Theorem 3.1.

Appendix: The linear dissipation case

In this section we provide a non-continuation result for (1.1) when (%) and
(%) hold as in Section 3, while (.%3) is replaced by a weaker condition provided
that the damping term is linear, thatis Q(t, x, u, v) = Q(¢)v. More precisely, (1.1)
reduces simply to

uy — M (Ju(0) Apeoyu + wlul?O2u + Q(u, = f(t, x, u), (5.1)
u(t,x) =0 onR} x dQ, ‘
where as before u = (uy, ..., uy) = u(t, x) is the vectorial displacement, N > 1,

the domain €2 is bounded in R” and u = 0. In place of (Q) we assume throughout
the section the stronger condition

Q) 0 eC'®R), with Q,-0 =0,

which indeed implies (Q1), see the next Remark 5.1.

The function space K is given in Section 2, while E¢, o7 ¢ and A¢, with¢ € K,
are the same functions introduced in (3.1) and (3.2). As in Section 3 we define a
solution of (5.1) as a function u € K satisfying the two conditions:

(A) Distribution Identity

t
(ur, $) 1 = /0 { e, @) — M(Fu())(|Dul?Y 2 Du, D)

—(ulPO72u, ¢) —(Q(@u, — f,$)} dr

forallt € R} and ¢ € K;
(B) Energy Conservation

t
Eu) < Eu0) = [ {00 hu(e, ) + (o) dr

forallt e ]R(J)“.
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By (Z1), (%) and (Q) properties (A) and (B) are meaningful. Instead of (F3)
here we assume the weaker assumption: there exists ¢ € C4(S2), satisfying (3.4),
such that

(F3)  (ft, 91, ). ¢(1,) 2 q-Fo() for (1,¢) € Ry x K.
See (4.4).

Theorem 5.1. Suppose that (#), (Q), (F1) and (F3) hold true. If u € K is a
solution of (5.1) in R(J)r X Q, then wy = infteRa' Fu(t) > —o0.

Finally, assume that 2 < yp+ and also that (F3)' is satisfied. Then there are
no solutions u € K of (5.1) in RS‘ x 2, with Eu(0) < E1, where E is defined in
(3.5).

Proof. The first part of the result is just a direct consequence of Theorem 3.1, since
clearly here (Q(#)v, v) = Q(t)[v|*> = 0 for all (¢, v) € Ry x RV,

Assume now that 2 < yp4 and also (:#3) holds, and by contradiction that
there exists a solution # € K of (5.1) in ]R(J{ x Q, with Eu(0) < E] . Then wy, > 0
and E1 > 0 by virtue of (3.4) and (3.5). Define in R

t
G(t) = llu(t, )3 +/O{Q(r>||u(u INB + (x — 0 Q' (D) llu(z, )3} dr

+(To — 1) Q) [[u(0, )13 + Bt + Bo)?,

where Ty, B, fo > 0 are constants which will be fixed later. Since Q € C 1 (RS‘ ), it
results

G'(1) = 2u(t, ), us (1, ) + QO u(t, 2= QO) (0, I3
t
—/OQ’(r)nu(r, Y3dr + 2B + Bo)

1
= 2u(r, ), u: (t, ) + 2/0 Q) (u(z, ), us(z,-))dr +28(1 + Bo)-

From the Distribution Identity (A), taking ¢ = u € K, it follows that

1 17 2
Eg (1) = llus (2, )z — Q) (us (2, ), (e, ) — (Ault, ), u(t, -))
+<f(t7 Yy M([, ))s M(l, )) + Q(t)<u(t7 ')7 ul(ts )) + 13
= llue (e, )3 = (Aut, ), ut, D) + (f - ut, ), ult, ) + B.
Now observe that, thanks to (3.3) and (.%3)’, we have
(AM(I, ')7 M(t, )) - (f(tv ) I/l(t, ))7 M(Z, )> § yp+"Q{u(t) - Q—ju(t)
Hence, combining these formulas with the definition (3.1) of the energy function,
we get
1
59" 2wy, )5 = ypro ) + g Fu@) + B

= (1+ ) @B + @- —ypFu)  (52)

—yp+Eu(®) + B.
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Now (q— — yp)Fu(t) Z (g— — yp+)wz = yp+E1 by (3.5), and also Eu(r) <
Eu(0) — f(; O (™) |lus (z, ')II% dz by the Energy Conservation (B) and (.%,). There-
fore

t
902 @+ yps) {lure, )G + B} +2vps /0 0 us(z, )3dr, (53)

where 8 = 2{E1 — Eu(0)} > 0 by (3.5). Take By so large that 4’ (0) = 2(u(0, -),
ur(0,-)) +2BBo > 0. Then, since Q is non-negative in RY, it results

4q" 4 4 >0 in RS‘.
We assert that
49" —a9?>0 in [0, T, (5.4)

for any Ty > 0, where @« = (2 4+ yp4+)/4. Put
t
A= lu(. )3 +/O Q) llu(t, H3dr + B(t + Bo)?,

B=1%"andC = |u,(t, )3+ [y Q(0)llus(z, )3 dr + B. Since Q and — Q' are
non-negative in RS’ by (Q), we have
ALY in [0, Tol. (5.5
Moreover, by (5.3) and the fact that 2yp; > ypy + 2, being yp4+ > 2, we get
C=¥"/Q+ypy) in RJ. (5.6)

Observe that for all (§,7) € R? and 7 € R

t
AE? 4+ 2BEn + Cn? = ||Eu(t, -) + nuq(t, -)||%+/O Q) llEu(r, )
+nu (T, Y3de + Bt + Bo)E +n)*> 20,

because Q is non-negative in R(J)r . Thus AC —B? > 0. Hence, (5.4) holds by virtue
of (5.5), (5.6) and the fact that A, C > 0.

Clearly « > 1 since yp4+ > 2 by assumption. Now (5.4) can be written as
(@=%94"y = 0, so that

g'0 . 40
Ge(t) ~ 4(0)

>0 for t e [0, Ty].

This is a Riccati inequality with blow up time

1 90
Sa—1 90)

(5.7)
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Consequently, if Ty is chosen as the right-hand side of the above inequality we
have a contradiction. In fact, since ¢(0) depends linearly on Ty, this gives an eas-
ily solved equation for Tp, the solution being positive for all By large enough, for
example, whenever

2
BBo > ———— Q) [|u(0, )|I3 — (u(0, -), us 0, -)),
yp+ —2

where 8 = 2{E; — Eu(0)} > 0. This completes the proof. 0O

Remark 5.1. The next result gives new information only when yp+ < 2 and (:F3)
does not hold. Otherwise it is a strict consequence of either Theorem 5.1 when
yp+ > 2 or Theorem 3.1 if (#3) holds. Indeed, for linear damping functions,
satisfying (Q), condition (Qp) of Section 4 is verified, with m = 2, x = 0 and
8(t) = |2]9-—2/4- Q(t), and so (Q) holds. Furthermore, in Theorem 3.1 we can
choose ¥ = 1 and k = max{|Q2|?-—2/9- Q(0), 1}, so that (3.6) is automatic for
any 6 € (0, 6p), where now 6y = (g— —2)/(g— + 2).

However, Theorem 5.1 is not completely contained in Theorem 3.1, since (.-%3)’
is weaker than (.#3)-(ii) even when (%3)-(i) holds, as the example (4.1), (4.2) shows.
Indeed, any function f verifying (4.1), (4.2) satisfies (%), (%2), (%3)" and (F3)-
(i), but not in general (.%3)-(ii), when (4.3) does not hold; while the validity of
(4.1)-(4.3) implies (4.4), which is exactly (#3)’.

We note in passing that even for linear damping the case (.%3)" was not covered
in [23-25], while first appears in [22].

Theorem 5.2. Suppose that (M), (Q), (F1), (%) and (F3)' hold. Then there are
no solutions u € K of (5.1) in Rg x , satisfying (3.21).

Proof. Assume by contradiction that there exists a solution # € K of problem (5.1)
in R(‘; x €2, satisfying (3.21). Define in Rg the same function ¢ as in Theorem 5.1,
obtaining in place of (5.2) the estimate

G"(1) Z 2+ q-) luet, )3 +2(g— — yp)Fu(@) —2q—Eu(t) +28.

Using the fact that (q— — yp+)Fu(t) = (- — yp+)w) = g— E; by (3.21), from
the previous relation, in place of (5.3), we get

t
902 @+ g-) It )13 + 8] +24- /0 Q@) u(x. )l3dr.  (58)

where now 8 = 2{E; — Eu(0)} > 0. From here on the proof is the same as that of
Theorem 5.1, with g_ in place of yp; and ¢ = (2 + g—)/4. Again o > 1, since
g—>2by(34). O

Remark 5.2. In all Theorems 3.1, 5.1 and 5.2, as well as in their consequences, the
trivial case Q = 0 can be included.
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It is clear from the proofs of Theorems 5.1 and 5.2 that it is possible to find an
upper bound for the blow up time 7 by virtue of (5.7). Indeed, by the choice of By

0,913 + BB} oo = 2Ol 5

26 = 1)(Bpo —ao)’ 2@ 1)
whereo = 2+ yp1)/4 > 1,8 = Z{El — Eu(0)} > 0 in Theorem 5.1, while
oa=02+q-)/4 > 1,8 =2{E1 — Eu(0)} > 0in Theorem 5.2. Similar results
were given in [25, Theorem 3.4], when Q = 1.

It is worth noting that in the standard degenerate Kirchhoff case in which p = 2
and y > 1, the restriction 2 < yp is automatic. Hence Theorem 5.1 fits fairly
well in the main prototype of the paper.

TO <M(O, ')s M[(O, ))7

As a natural application of Theorems 5.1 and 5.2 and of Remark 5.1 from now
on we assume the validity of (4.1) and (4.2) on f and M. As in Section 4 we
distinguish two cases, depending on whether b is zero or not. Let s = b and y > 1
if b > 0,whiles = a and y = 1if b = 0. Of course we are much more interested in
the degenerate case a = 0, when an effective Kirchhoff term arises in the system.
Lemma 4.3 and Theorem 4.2 continue to hold and consequently (4.10)—(4.13) are
still available.

Theorem 5.3. If u € K is a solution of problem (5.1) in ]R(')" X , then
wy = infteRg Fu(t) > —oo. If, in addition, Eu(0) < E,, with E; given as

in (3.5), then wy > 0, Ey > 0 and (v(1), Eu(t)) € £ forall t € RT, where £ is
defined in (4.14).

There are no solutions u € K of (5.1) in RBL X K, if either 2 < yp4 and
Eu(0) < Ey, or ypy <2 and Eu(0) < E;.

Proof. The first part is a consequence of the first part of Theorem 5.1. The second
part can be proved exactly as in Theorem 4.1, using (B) in place of (B)-(ii). The last
part of the result is now a direct consequence of either Theorem 5.1 or Theorem 5.2.

O

Corollary 5.1. If u € K is a solution of (5.1) in R(—)i_ x Q, with Eu(0) < Eq, then
(4.18) holds provided that 2 < yp+.
While there are no solutions u € K of (5.1) in Rg‘ x Q when (4.17) holds.

Proof. Both statements can be proved exactly as Proposition 4.1 and Corollary 4.2
using Theorem 5.3 in place of Corollary 4.1. O

In this context condition (2)-(ii) of Section 4 reduces simply to the request that
0 > 0in [0, 1).

Theorem 5.4. If2 < yp and also () holds, then problem (5.1) does not possess
solutions u € K in Rg x , satisfying (4.19).

Proof. The proof is exactly as for Theorem 4.3, with the use of the first part of
Corollary 5.1 instead of Proposition 4.1. O
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As in Section 3 we say that u € K is a strong solution of (5.1) if u satisfies the
Distribution Identity (A), while (B) is replaced by the Strong Energy Conservation
(B)s, thatis Eu(t) = Eu(0) — fé {Q(r)||u,(t, -)||§ + ﬂ}u(r)} dr forallt ]R(J{.
We already noted in Section 3 the importance to consider (weak) solutions.

Theorem 5.5. If2 = yp and also (2) holds, then problem (5.1) does not possess
strong solutions u € K in RS‘ x 2, satisfying (4.19).

Proof. Assume by contradiction that u € K is a strong solution in R(J{ x Qof (5.1),
satisfying (4.19). First we prove that there are no points s > 0 such that v(s) = vy.
Otherwise Eu(s) = E; and, as shown in the proof of Theorem 4.3, assumption
(2) would provide a contradiction. Hence v(¢) > vj and Eu(t) < E; forallt > 0
by an obvious continuity argument and (B)s. In particular, this implies (4.15). Now
fix to > 0, so that

inf u(t) > w; and Eu(ty) < Eq, (5.9)

4
teRy

where w; and E; are given in (4.13). Put I = [#y, c0) and define for ¢ € I,

t

Y1) = |u, ->||%+/

fo

[e@lu. )1+ =0/ @lut, I3} dr

+(To + 1o — ) Q(1t0) [ulto. )13 + Bt — 1o + o)’

where Ty, B, fo > 0 are constants which will be fixed later. We proceed almost
exactly as in the proof of Theorem 5.2 until (5.8), with the obvious changes. Now
Eu(t) < Eu(ty) — ftf) o) ||us(z, ~)||%dr by the Energy Conservation (B)s and
(%,), so that (5.8) is replaced by

t
902 @+ q-) [l e, )13 + B} + 2q_/ Q()luy(x. )3 dr,
10

where now 8 = 2{E; — Eu(ty)} > 0by (5.9). Condition (5.4) holds in [7g, o + Tp],
where @ = (2 4 g_)/4 as in Theorems 5.2. But # cannot be global as in the proofs
of Theorems 5.1 and 5.2, by taking By > 0 so large that

BBo > . —2 O(t0) lu(to, )13 — (ulto, -). us(to, -)),
while
4 9 (to)
To = . ,
T =2 D

since again ¢ (fp) depends linearly on 7p and the equation is solvable in Ty thanks
to the choice of fy. Here clearly A = [lu(t, )| + fth(r)Hu(t, J3dr + Bt —
to + Bo)>, then B = 34" and C = [lu, (¢, )13 + fth(t)Ilu,(r, )3 dt + B. Hence
(5.5) holds now in [t, to + Tp], while (5.6) is valid in /. The fact that # cannot be
global shows that also this case cannot occur. O
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Of course Theorem 5.5 extends and generalizes the second part of Theorem 4

of [23] and Theorem 3.1 of [24] when the damping is linear in v.
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