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ABSTRACT. In this paper we consider perturbed evolution systems governed by
the p—Kirchhoff operator in bounded domains. These models are characterized
by time dependent nonlinear driving forces and boundary damping terms. The
question of non—continuation of maximal solutions is treated and some a priori
estimates for the lifespan of solutions are given.

1. Introduction

In this paper we are interested in p—Kirchhoff systems involving nonlinear driv-
ing and damping terms in bounded domains, under dynamic boundary conditions.
More precisely, we study the problem

uge — M (| Dut, )|B) Apu + plulP?u = f(t,z,u), in Rf xQ,
(1.1) u(t,z) =0, on R x T,

U :—[M(HDu(t, ~)H§)|Du|p’zayu +Q(t, z,u, ut)], on ]Rg x I'y.
The function u = (u1,...,uny) = u(t,x) represents the vectorial displacement,
N > 1, Rf = [0,00) and Q is a regular bounded domain of R". We assume
that 00 = Ty UTy, ToNTy = 0 and p,—1(Ty) > 0, where pu,_1 denotes the
(n — 1)-dimensional Lebesgue measure on 9f2. The exponent p > 1 and Ayu =

div(|Du[P~2Du) = div(|Du|P~2Duy, . .., |Du[P~2Duy) is the vectorial p-Laplacian
operator.

The Kirchhoff dissipative function M is assumed of the standard form
(1.2) M(r)=a+byr"" ', a,b>0, a+b>0,

with v > 1if b > 0, and v = 1 if b = 0. Problem (LT)) is said to be non—degenerate
when a > 0, otherwise (1)) is called degenerate. The term p|u|P~2%u, with u > 0,
is a nonlinear perturbation acting on the system.

Following [22], we take the internal nonlinear source force f of the type

(1.3) Flt @) = g(t, ) ul">u + c(a)u] " ?u,
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60 G. AUTUORI

where 1 < o < q, the function ¢ € L>®(Q) is non-negative, g € C(R{ x Q) is
non—positive, differentiable with respect to t and g, € C(RZ x ). More specific
assumptions on f will be given in Section 2l The negative term of (f(t,z,u),u),
deriving from g, makes the analysis more delicate than in [23][24], since it works
against the blow up and against the non—continuation of local solutions. ;From here
on (-,-) denotes the usual scalar product in RY.

Concerning the external nonlinear boundary damping Q, we suppose that

Q(t @, u,v) = dy (t,2)|u|"[v] " 20 + da(t, 2, u)|[v| "2,

where dy and do are non—negative continuous functions, satisfying integrability con-
ditions with respect to the space variable, and k, m, p are positive constants such
that Kk > 0 and 1 < m < p — k. More detailed assumptions on ) will be stated in
Section 21

The interest in p—Kirchhoff models, besides the mathematical curiosity, derives
from the several applications they have in reaction—diffusion theory and in non-—
Newtonian theory, where it is evident the role of each term of the system in the
global behavior of the body. For example, thinking of fluids, the quantity p is
characteristic of the medium, and its magnitude is representative of the elastic
and/or pseudoplastic properties of the fluid, see [3L19] and the references therein.

The boundary conditions in (II]) express the fact that the system does not ne-
glect acceleration terms on the boundary. They are usually called dynamic boundary
conditions and arise in several physical applications. In one dimension and in the
scalar case, problem ([LT)) models the dynamic evolution of a viscoelastic rod fixed
at one end and with a tip mass attached to its free end. The dynamic boundary
conditions represent the Newton law for the attached mass, cfr. [2|I11[18]. In the
two dimensional space and for N = 1, these boundary conditions appear in the
transverse motions of a flexible membrane 2 which boundary 02 may be affected
by vibrations only in the region I'y, see [I7]. More details on the physical meaning
of the boundary conditions in (II]), as well as on the so—called acoustic boundary
conditions for exterior domains in R3, can be found in [6,19113].

In the last years there has been an increasing attention towards problems in-
volving dynamic boundary conditions, and many different related topics have been
considered. In [20] the author studies the well-posedness of initial-boundary value
wave problems and the qualitative properties of the solutions. For the existence and
asymptotic stability of solutions of strongly damped wave equations, even with de-
lay terms, we quote [16] and the references therein. The recent paper [15], somehow
based on [24], treats the blow up of solutions of the strongly damped model

Uy — Au — pAuy = |u|? 2, in R x Q,
(1.4) u(t,z) =0, on R x Ty,
ugy = — [Opu + 00 up + 1y,  on RS‘ x I'q,

with o > 0, » > 0 and ¢ > 2. The exponential growth at infinity of the energy has
been analyzed in [14] for the nonlinear damping case, that is when ru; in (4] is
replaced by 7|u|™ 2u;, with m > 2. The energy estimates given in [14] have been
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LIFESPAN ESTIMATES FOR p KIRCHHOFF SYSTEMS 61
extended in [5] to the more general system

uy — M (|| Du(t,)|3) Au — o(t)Auy + pu = f(t,z,u), in RY xQ,
u(t,z) =0, on RY x Iy,
utt:—[M(HDu(t, NNZ)Ou+o(t)d,u+Q(t, z, u,ut)], on RY x I'y,

where ¢ € C(R{) is a nonnegative function.

The present paper is connected with [4,[6]. In [4] we give a priori estimates
for the lifespan T of maximal solutions of polyharmonic Kirchhoff systems, under
homogeneous Dirichlet boundary conditions. The lifespan T of a solution u is
defined by

T =sup{t > 0: wexists in[0,t)}.

In [6] we treat the question of global non—existence of solutions of (1], and here
we complete the picture, obtaining lifespan estimates for them.

The main result of this paper is Theorem [3.I] in which an upper bound T} for
T is found, when the initial data belong to an appropriate region ¥, in the phase
plane. Indeed, we identify two critical values Ey and vy, with the property that
if Fu(0) < Ey and ||Du(0,-)||, > vo, then T < Ty. Here Eu(0) and || Du(0,)||,
are the energy of the system along a solution u and the Sobolev norm of u at the
time zero, respectively. Moreover, Ty depends only on the initial data and on the
parameters of (LLTl).

Theorem [B] extends Theorem 6.1 of [4] to the case of p—Kirchhoff systems
with dynamic boundary conditions. The key points in the proof are Sobolev type
embeddings given in [10] and a deep use of the energy functional E associated
to (II). The study of the geometric features of the model, connected with the
properties of F, leads to a crucial qualitative analysis of the problem. In particular,
Lemma and Proposition [Z.4] are essential in the proof of the non—continuation
Theorem [311

The extension of Theorem 6.1 of [4] to (IT]) presents several difficulties. Indeed,
as in [6], the boundary action of @ forces the choice of a new functional setting,
together with Sobolev interpolation embeddings, and requires additional global
lower bounds for ||Du(t, -)||, in the energy estimates. Consequently, the expression
of Ty given in Theorem [B.] is much more involved than the corresponding value
obtained in [4] for polyharmonic Kirchhoff systems.

The delicate argument of the proof of Theorem [B.I] guarantees global non—
existence of solutions of (IIl), but it does not establish by itself that maximal
solutions blow up at the lifespan T. It is worth noting that in general the proofs of
global non—existence in the literature do not imply finite time blow up of the solu-
tions. Indeed, without a local continuation argument, the solution, before becoming
unbounded, could leave the domain of one of the differential operators involved in
the problem. For a more detailed discussion on this point we refer the interested
reader to [41[8] and the references therein.

In Corollary B3] we obtain a finite time blow up result, extending Corollary 6.2
of [] to (II). Finally, in Corollary B4 we give simplified expressions of Tp, when
Q is of a special form interesting in applications. As far as we know, this paper
is the first attempt to give lifespan estimates for maximal solutions of p—Kirchhoff
systems governed by nonlinear driving and dissipative boundary forces.
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62 G. AUTUORI

2. Preliminaries

The functional setting. For simplicity consider 1 < p < n, and denote by LP ()
the usual Lebesgue space equipped with the norm |[¢[l, = ([, [¢(2)[? dx)l/p. If

1/w
w > 1, we endow L¥(I'y) with the norm ||g||.,.r, = ( I, |¢(x)|“’dun_1) . Let

WeF () = {¢ € WH(Q) : ¢lr, =0},
equipped with the norm |\¢||er,p(ﬂ) = ||D¢||,, where ¢|r, = 0 is understood in the
0
trace sense. In the following, we shall simply denote ||¢HWFLP(Q) by ||¢||. The norm
0

|| - || is equivalent to || - [[y1.»(q) by the Poincaré inequality, see [25, Corollary 4.5.3
and Theorem 2.6.16]. In particular, inequality (4.5.2) of [25] reduces to

(2.1) @]l < €pe for all ¢ € WP (),

where p* = np/(n—p), €« = C(n,N,p,Q)- [BLP(I‘O)]’UP, and the Bessel capacity
By ,(To) > 0 since pin—1(To) > 0, cf. [25] Theorem 2.6.16]. Then, the embedding
lec’)p () — L1(Q) is continuous whenever 1 < ¢ < p*, and so there exists a constant
¢, > 0 such that

(22) [¢lly < €Dl for all ¢ € WP (92),
Similarly, for s € (0,1), let
Wrl(Q) = {d € W*P(Q) : élr, =0},
equipped with the norm ||¢[|wzs»(q) = [|¢|lwe.r(0), where W*P(Q) is the fractional
9]

Sobolev space of order s, see [1J.

The elementary bracket pairing (¢, ¥ fQ <p )dx is clearly well de-
fined for all ¢, 1 such that (p,) € LI(Q) and (u, ¢ fr 2))dpn_1 is
well defined for all u, ¢ such that (u,¢) € Ll(Fl)

Since we are in the vectorial setting, for simplicity we shall use the notation
LP(Q2) also to denote the product space [LP(Q)]Y or [LP(Q)]™", and the same
agreement will be adopted for all the other spaces involved in the treatment.

The set

X =C(I - WrP(Q)nC' (I — L*(Q))
is the solution and test function space. Here I = [0,T), with T" € (0,00], is the
maximal time existence interval for a solution v € X of (II)). In other words, the
lifespan T of u is defined by

T =sup{t >0 : u exists in[0,¢)}.
In what follows p. = p(n — 1)/(n —p) and (p,)22,, with
2
(2.3) " \/n—l—l fdn+1-n]<
n +1

Clearly, (p,)22, is a strictly increasing sequence, with p3 = 1,65 and lim,, e pr, =
2, cfr. [6].

PRrROPOSITION 2.1 (Proposition 3.1 of [6]). Givenp € (pp,n) and ¢ > max{2,p},

then
n—1+p)—p*(n—-1
(2.4) oo — py( p)—p(n—1)

n(q — p) + p?

€ (max{2, p}, min{p., q}).
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LIFESPAN ESTIMATES FOR p-KIRCHHOFF SYSTEMS 63

From the proof of Proposition 2.1] it is clear that the assumption p > p, is
needed only to show that py > 2. Condition py > 2 is crucial in the proof of the
main Theorem Bl Of course, if 1 < p < n, in order to have p,, < n it is enough to
take n > 3/2, that is n > 2.

On the internal source force f and the external damping Q. We are going
to present some prototypes for f and @, first introduced in [22], in the form given
in [4l[6].

The nonlinear term f : R x Q x RN — RN in ([L3) satisfies the further
assumption

1<o<q, max{2,7p} <q¢<p*, coo=|¢lloc >0, T=essinfqc> 0;
(2.5) 0 < —g(t,x), g:(t,x) < h(x) in R x Q, for some h € L' (),
g(t,-) € LY=9)(Q) in RS .
Clearly, condition max{2,vp} < q < p* implies 1 < v < n/(n —p) and p >

2n/(n+ 2).

Thanks to the integrability properties of g and to the boundedness of ¢, it
results that (f(t,z, ), ¢(t,z)) € L'(Q) for all t € Ry and for all ¢ € W#OP(Q)

Moreover, as shown in [6, Lemma 4.1] (see also [7, Lemma 4.1]), the function
f admits a potential F : RT x Q x RN — R, that is f(¢,z,¢) = V4F(t, 2, ¢), with
F(t,z,0) =0 and

90 | )91

Bt z,9) = g(t,2) ==+ cl@)=

Of course, for any (t,r,¢) € RE x Q x WF(’)p(Q), the potential F' is well defined and

of class L'(£2). In other words,
i N A
20 o) = F(00) = [ Lot 4 o2 g

Q
for all ¢ € Wll[’)p (Q). Thus, differentiation under the integral sign gives

%m@=49<>W)V

Finally, (f(t,",¢),¢(t,")) € LL (R{) along any ¢ € WP () and
(2.7) aF¢(t) < (f(t,, (¢, 2)), o(t, ) < cc|l(t, ),
for all t € R{ and ¢ € Wllt’)p(ﬂ), being 0 < ¢ and g < 0.

dz >0 for all (t,¢) € Rf x WEP(Q).

Concerning the boundary damping Q, assume that for all (t,z,u,v) € Rar X
Iy x RY xRN

Q(t,z,u,v) = di(t,2)|ul"[v|™ v + da(t, z,u)[v]" 20,
l<m<p-—kK 0<k<p(l-m/p), 2<p<po,
where dy € C(RE — L¥1(T1)) and dy € C(R — L*°(T1) are non—negative and

{@/(p—ﬁ—m), if o >m+ &,
£1 = .
00, if p=m+ k.

(2.8)

Usually in the literature the dissipative function @) is considered in the simplified
form in which dy(¢,2) =d; > 0, s =0 and dy = 0.
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The energy of the system. For all 7 € ]Rg we set A (1) = at + b77, so that

(2.9) A (T) > TM(T) for all T € R{.
The total energy of the field ¢ € X associated with (LT is
1
(2.10) Bo(t) = 5 (ll¢e(t, N3+ et )I3,r,) + 7 6(t) — Fo(1),

where .7 is given in ([2.6) and
p §(t) = A (| Do(t,-)[15) + plle, )y = 0,

by ([L2)), being x> 0. Of course E¢ is well defined in X by (Z3)).
For all ¢ € X and (t,7) € Ry x Q put pointwise

Ad(t,x) = =M (| Dg(t, ) [5)Ape(t, @) + plo(t, ) P2 ¢(t, @),
so that A is the Fréchet derivative of &/ with respect to ¢, and
((Ag(t,-),0(t, ")) : = (Ad(t, ), o(L, ')>(W§(’)”(Q),[Wll(']p(ﬂ)]’)
(2.11) = M(||Do(t, ) I Do, )y + wllot, )iy
< yp $(t),

by ([[2), 29), being p > 0 and v > 1.
Following [6l2T], we say that v € X is a (weak) solution of (L)) if u satisfies:
(A) Distribution Identity

(), = [ {60 =MDt )1R) - (DuP D, D) = ul?~2u.)

+(f(r 1), 6) = QT w) + un, D), fer
forallt € I and ¢ € X;
(B) Energy Conservation
(4) Zu(t) = (Qt, - ult, ), urlt, ), uelt, ey + Frult) € Lige(D),
) Eu(t) < Eu(0) — /0 Pu(t)dr forallt e I.
Observe that Zu > 0 in I, being Fu > 0 and (Q(¢, -, u(t, ), us(t, ), us(t, -))r

by (L), €3 and E&3).

To make the Distribution Identity meaningful we assume that (Q(t, -, u,ut), d)r,
and (u, ¢)r, are in € Li (I), along any field ¢ € X. The other terms in the
Distribution Identity (A) are well defined thanks to the choice of f, @ and X.

>0

1

Some auxiliary results. From here on, we put ¢ =aifb=0o0or¢=0if b >0 in
(T2). Moreover, if u € X is a solution of (L)) we shall write v(t) = || Du(t, )|,
for each t € 1.

LEMMA 2.2 (Lemma 4.4 of [6]). Assume [L3) and ZH). Ifu € X is a solution
of 1)), then for allt eI
(2.12) Bu(t) > o(v(t)) = Zo(t)? — So(t)?,
b q
where ¢ = coo€2 and &, is the embedding constant introduced in [2.2)).
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The function ¢ : RT — R introduced in Lemma attains its maximum at
¢y\ 1/ (a=p)
Vo = (—) .
c

Moreover, ¢ is strictly decreasing for v > vg, with ¢(v) — —oc0 as v — oo. Finally,

p
SV
p

o(vg) = (1 — E) wo = Ey >0, where wy= >0,
q

(2.13)
Yo ={(v,E)€R? : v>uvy, E<FEy}.

In the sequel, given a solution v € X of (IIl), we put for convenience

wy = b u(t),  wz = inf Fu(t),

(2.14)
E1: (1—E) w1, EQZ (i—l) wa.
q P

The next lemma establishes some crucial properties, deriving from the geometry
of the system, which link the energy functional F to the main elliptic part </ and
the potential .%. For polyharmonic Kirchhoff systems with internal damping, a
similar result has been proved in [4]. The main steps are formally the same, but
for the sake of clarity and completeness, we write them below, since the functional
of is essentially different from the corresponding elliptic functional of [4]. In the
stationary case and for higher order models, we refer to [12] for the existence of solu-
tions of p—polyharmonic Kirchhoff systems under homogeneous Dirichlet boundary
conditions.
From now on, u € X is a fized solution of (LI such that Eu(0) < Ey.

LEMMA 2.3. It results that vg ¢ v(I) and wy # wg. Moreover, the following
are equivalent:

(Z) wi > Wo;
(i4) o(D) < (v, 00);
(ZZZ) wo > ’pro/q.
Finally, if one of the conditions (i)—(iii) holds, then Ey < Ey < Es.
In particular, if (v(0), Eu(0)) € o, then (v(t), Eu(t)) € Xo for all t € I,
properties (i)—(i1i) hold, Ey < E1 < Eg and we > ypw1/q > ypwo/q.

PROOF. Let u € X be a solution of (I[I) and assume that Fu(0) < Ey. Sup-
pose by contradiction that vy € v(I). Then there exists a sequence (t;); C I such
that v(t;) — vg as j — oo. Now, by (Z12) we have Ey > Eu(0) > Eu(t;) > p(v(t;)),
which provides Ey > Ej by the continuity of ¢ o v. This contradiction proves the
claim.

We show that wy # wpg. Otherwise, &/u(t) > wy = wg for all ¢ € I. Therefore,

by 1), I0) and ZI3), we have
au(t) — Lo@t)? > (1 - @) u(t) > By = Ey > Eu(0)

(2.15) q q
> ofult) — gv(t)q,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



66 G. AUTUORI

so that v(t) > vy for each t € I. Consequently, v(I) C (vg,00). On the other hand,
there exists a sequence (t;); such that &/u(t;) — wy = wg as j — oo, so that
limsup v(t;) < lim [pZu(t;)/s]Y/ 7P = [pwo /<] 7P = vy,
j—oo J—0

which contradicts the fact that v(I) C (vg, 00). Hence wy # wo.
It remains to prove the equivalence of (i)—(7iz).

(1) = (). It is enough to show that v(I) C (vg,00), which immediately gives
v(I) C (vg,0), being vg ¢ v(I). Relation wy > wy implies Fy > Eu(0). Then,
repeating the calculation made in ([2I0]), we obtain again v(t) > vg for all ¢ € I.
(1) = (41). Ifv(t) > vp for allt € I, then Fu(t) > wo—Eu(0) > wo—Ey = ypwo/q
for all ¢ € I by (2I0) and so ws > ypwy/q.

(#i) = (4). By @27) and (ii) we have

EU(t)q > Fu(t) > wy > Ewo = EUS,

q q q
which implies v(t) > vg for all ¢ € I. Hence, wy > wy by (ZI4). Consequently, we
get wy > wy, since the case wi = wy cannot occur.

Finally, if one of the conditions (#)—(#i7) holds, then Ey < E; by (i). Further-
more, Fu(t) > w; — Eu(0) > wy — Ey = ypwy/q for all t € T by [2I0). Hence,
wg > ypwy/q and so E; < Es. In conclusion Fy < Ey < Es, as claimed. The last
part of the lemma follows at once from the previous arguments. |

The positive numbers introduced in ([Z14) clearly depend on the fixed solution
w of (). Therefore, it is not possible to evaluate them. However, they play a
crucial role in the next proposition, where a priori estimates on the Sobolev norm
of u are obtained, see also[4]-[7] and [2I]-[23]. These estimates are essential in the
proof of Theorem [B.11

PROPOSITION 2.4. Forallt € I
(2.16) [ut, Mg =1 and ||Du(t, )|, = c1/&q,

where ¢; = ('ypwo/coo)l/q > 0 and &, is the Sobolev constant given in (2.2).
Furthermore, for allt € 1

(2.17) p/u(t) > ar||Du(t,)|lp,
where a; = a + b(c; /€,)PO~Y > 0.

PrOOF. Let u € X be a solution of (LIl as in the statement. By (2.7)) and
Lemma [23}(i4i) we have that for all ¢ € I
q P

d Fu(t) > —wqy > —wo,
c

COO o0 (o9}

which gives (ZI6);. Hence, (ZI6)s is true by (22). Finally, (ZI7) is exactly
formula (2.8) of [6]. O

Jult, )G =

Without loss of generality in what follows we assume that

(2.18) 1, o€t € (0,1].
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3. Lifespan estimates for (L)

In Theorem B.I] we give a priori estimates for the lifespan T of the maximal
solutions of (). We first list the structural assumptions on f, @ and the pa-
rameters of the problem. Then, we recall some Sobolev type inequalities, useful
in the proofs. Finally, we state and prove Theorem [BI] and give some corollaries
interesting in applications.

Throughout the section, unless otherwise specified, take p € (pn,n), with p,
given in (Z3). Let pg be the positive number defined in 24). Assume ([3), (23,
23) and define

(3.1)  61(¢) = ||di(t, )|l py,ry and 02(t) = sup  do(t,x, &) for allt € R{.
(z,£)€lr xRN

Since p < po by (Z8), the embedding L¥°(I'y) — L#(T';) is continuous and there
exists So > 0, such that ||¢||,r, < Soll¢|leo,r, for all ¢ € L#(T'y). The crucial
parameter

n n-—1

§=— —
p 0

The embedding W5"(Q2) < L#°(T';) is continuous, thanks to [I, Theorem 7.58,
with x = 0, k = n — 1], being pg > p by Proposition 1l In particular, there exists
S1 > 0 such that

(3:2) [6lloo.m1 < Silléllweriy for all 6 € WiF(9).

€ (0,1).

Finally, by [10, Corollary 3.2—(a), with 1 =0, sa =1, py =ps =pand 6 =1 — g,
also the embedding W;(’)p (Q) = WrP(Q) is continuous and so there exists Sy > 0
such that for all ¢ € WP ()

(33)  lollwzro) < Sallolly*IDoll; < Sapun (@) P P ]3| D5,
since p < ¢, and p,, is the n—dimensional Lebesgue measure on ). In conclusion,
(3.4) I8llp,r, < Sliglly*IIDell; for all ¢ € WrP(R),

where S = Soslsgun(Q)(l—sﬂq—l’)/l’% Without loss of generality we assume S > 1,
since s < 1 and g > p.

Suppose that there exists k € VVlzcl(]Ra‘), with k' > 0 in RY, kg = k(0) > 0,
verifying

(3.5) 5/ m= 4 s e < i R,
and
(3.6) / k(8 =0 dt = oo,

for some 0 € (0,00], where

. q—2 T 1 1—-s5 s 0
3.7 0 = _— = — — — = —
( ) 0 mln{q_i_Qal_F}a r 0 ( q +p>7 r 1+9
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Put

1 1
ap =(1—s) (1+£) —Q{——f(1+£)}, az—l—s—q<——f>,
m m p m o P
(3.8) ¢ = 21/(m71)c(111—a251+l€/m7 ¢ — 8182”%(Q)(1*5)(q*p)/17q+(@072)/2@07
C — ¢2/(1-2r) (cl/Q:q)%Q/[q(l—?T)—2(1—5)]—p

)

where ¢y is given in Proposition 24 and satisfies ([2I7]).
Observe that

o e (i)/(50)

being o < po. Combining (39) with the fact that k < (p — m)p/p by (Z38), we get
o < ag < 0.

From now on, we denote by ug(z) = u(0,z) and ui(z) = u(0,2) for each
x e

THEOREM 3.1. Assume that

(3.10) Eu(0) < Ey and | Du(0,-)|, > vo.
Denoted by
Eu(0)]"
Mo = Eo — [Eu(0)]" >0, 0<ep <min{q—m q—p— alEuO) 11:(0 ) }
c ey — p(v—1)
¢y = min 4 0, (4= 20 ~p) a+b(c_1> -0,
pq ¢,
0 = . 1 C2 (’Yp%>F
=min{ -, — ,
(3.11) 2" 2 Coo
A = max 1 (coo/7P)" 25 " 2[{uo, wr) + (g, ur)r,]” 1
(1 —rp)gm'/m 7 k0%1/(1+9) "o [
r C 2—q(1-—27) g—2 1
Lo {ﬁ”ﬂl unm)m}max{lv—},
P C

D% = )\ko%177ﬂ + <’LLO,U1> + <U0,U1>1“1,

then T < Tpy, where Ty is the unique positive number satisfying

o KX/ A’
(3.12) /0 k(t) dt = 0 <%> .

PrOOF. We somehow follow the ideas contained in [4.[6]. For each ¢ € I put
¢
H(t) = 7 + / Du(T)dr.
0

Of course, 7 is well defined and non—decreasing, being 2 > 0 and finite along wu.
Moreover, by (B)—(ii) we get
(3.13) [Eu(0)] — Eu(t) > 5(t) > 4 forte I
Define furthermore for all ¢t € I the function
L) = M) [ (0] "+ (uat, ), ult, ) + (welt, ), ult, )y,
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where r € (0,1) and A > 0 are given in (B1) and B.II), respectively. Clearly
Z e V[/&)Cl(l)7 so that a.e. in I,

d
(3.14) L = k(1 =) " H + N AT+ E{(w,u) + (ut,u>p1}.
Our aim is to estimate the terms in the right hand side of (8I4]). Taking ¢ = v in

the Distribution Identity (A), we obtain

DLt )utt, ) + Gt ), ult, e, )

= lluet, )3 = ((Ault, ), ult,))) + (f(t - u), ult, )
—(Q(t, -y ult, ), ue(t, ) ult, ey + luelt, )3,
> [1+ (¢ = €0) /2] (lue(t, )II3 + e (t, )l r, ) + (¢ — o) u(t)
— ((Au(t, ), ult, ) + (F(E, - ult, ), ult, ) — (¢ — €0) Fu(t)
— (¢ —c0)Eu(t) = (Q(, - ult, ), ue(t, ), ult, -))r,,
where g¢ is any positive number taken as in (311]). By (3)), 23) and BII)),
(F(t, - ult, ), ult,-)) = (g = €0) Fu(t)

_ (1_ q:f“)/ﬂ (t,0)ult, x)|"dx+—/ 2)|ult, z)|"da
CEOII (t )2

Therefore, using also (211 and (B13), and recalling that &g < g, we have for all
tel

| \/

S Lt (e, ) + G, ), e, e, }

)
> Jlue(t, )13 + et )3, + (C20/@)ut, ) E — (¢ - o) Bu(?)
3.15) (@t ult, ), welt, ), ult e, + (g — 20— p)esu)
> [lue(t, )3+ llue(t, )3, + (@20/a)llult, )
+ (¢ — 0 =) Fu(t) = (Q(t, -, ult, ), wi(t, ), ult, )r,
+ap A (t) — (g — o) [Eu(0)]".
Since wy > wp by Lemma 23H(4),

/\/\

€0

(a = 20 — ) ult) — (q — ) [Bu(O)* > (g — 20 — ) (1—q‘q )mu)

2o — (g — c0)[Eu(0)]*

q
+ (¢ — €0 —p)

> (g — €0 —p) (1 - ?) Au(t),

being (¢ — eg — vp)q q€0 wo — (¢ — &0)[Fu(0)]T > 0 thanks to the choice of &g in
BII). Now, by @2I7) we have

(4= 0 — ) (1 4 ‘q”) u(t) > Col|Du(t, L.
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with Cy = 9(q—c0—7p) [a +b (cl/Qq)p(v_l)} /pq > 0. We stress that the positivity

of Cy is guaranteed by the fact that g < ¢—vp in (BI1)). Therefore, since ypi2'(t) >
0 for all ¢t € I, from ([BI5]) we obtain for all t € T

%{<ut(t7 ')7u(t7 )> + <ut(t7 ')7 u(t7 ')>F1}

> [fue(t )13 + llue(t, )3 r, + e2(lult )1 + [Dult, ) [7)
- <Q(t7 K U(t, ')a ’U/t(t, ))a ’U/(t, ')>F1a
where ¢ > 0 is defined in (BII). Now, from ([2.8) and @I we find

(3.16)

(Qt, - ue), uhr, < {80 ™ fut, ) |50 2ule) /™ +62(8) /¢ Du(®) Ylut, ) g,
see [B] Lemma 4.2], and so, by (B4)
(Qt. -y ur) ), < S{8 (Y™ [[ult, I3 Zu(t) ™

(3.17) y L . g
+02() C2u(t) ' Hult, gl Dult, )}

Let

B m p B o P
We claim that 1 < 87 < (2. Indeed, §; > 1 derives from the facts that s > 0,
m+ k> 0and m > 1 by (Z8). On the other hand, the relation 51 < S5 is
equivalent to sk < (p — m)p/gp, which holds true being s < 1 and k < (p —m)p/p

by 2.8).
Hence, (B17) and the fact that S > 1 imply that for all t € T

<Q(t’ K u(tv ')7 ut(tv ))’ u(t7 ')>F1

1 1 s<1 n) 1 1 S
m

— 1/m/ —S K/m S KR/ m
<sl+ﬂ/m{(sl<t>1/<m Dgu(®) " fult, )0 Due, 04

+ (52(15)1/(“”1)@1;(0)1/@ ||U(t7')||¢115||Du(t,')||2}

— 1/m/ S K/m «
_slﬂ/m{(al(t)l/(m D) "t ) Dult, I e, I

1/

+ (200 D 7u(t) " e, )5 Dt ')I;‘Q}

< ghtn/m {[(261(t)/€)1/(m_”-%(t) + gLt NG + 30 Dult, )P - ult, g
+(262()/O0 ™V Du(t) + lu(t, )1+ eI Dult, 5] - llult, -)II?"‘} :

where in the last step we have applied Young’s inequality, with ¢ € (0,1) given in

(BII). Finally, by 2I6]),
(@t ult, ), welt, ), ult, e, < an {017 6 (t) ) ()

+L([[ut, )G + | Dut, -)Ili)} )N,
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where ¢; = 21/ (=D G1HR/m max (1 ¢~} > 0 is exactly the number defined in

(3:8), being ¢; < 1. Now, (27), I0), BI3) and Lemma 23} (zii) assure for all
t € I that

(3.18) H(t) < Eo — Eu(t) < (%} - 1) wy + Fu(t) < %ﬁu( )< == || (t,)lg-

Moreover, by (3:9)
= —042/(] € (Oa 1)7

and so
lut, )lIg= = lut, g™ < (coo/@)[Fut)] ™" < (coo/vp) A ()]
Therefore,
(Q(t, - ult, ), ue(t, ), ult, )r,
< qalese/Ap) {7010 + 80 D) ()
+C(flu(t, 1§ + | Dutt, ‘)IIZ)}[%”(t)]_F
for all t € I. Put

1 1
(319) To—min{i—a,F}.

Note that 6y in 1) can be expressed as 8y = r9/(1 — 19) so that r € (0,rg).
Consequently, since 0 < r < 7o <7 < 1 by BI9) and s > ), we have

<Q(t7'7u(t7')7ut(t7'))7u(t7')>r1
(3.20) < qi(coo/7p)" {Uf " (bt g + [ Dut, )Ip)
AT D by ()OI (0] Ful)

Therefore, by [B.5), (3.16), (320) and the facts that A\k'S#1~" > 0 and #' = P,
from (BI4) it follows that a.e. in T

22 kA= 1) = qulew /) AT AT A+ a1 + el
+ {e2 = qu(coo/10) €57} (Jut, I3 + | Dult, ) 2):

Since A(1 — 1) — q1(coo/yp)T€™™ /mjfr_’” >0, foraa. tel

(B:21) 2/ = C{luelt, )3+ et B, + e, )NIg + | Dut, )3},

where 2C' = min{cp, 1} < 1. On the other hand, putting a« = 1/(1 — r) € (1,2),
from the definition of 2 we obtain

Qp(t) < )\k(t)t%ﬂ(t)l/a + {|<ut(t7 ')7u(t7 )>‘ + |<ut(t7 ')7u(t7 )>F1|}
< Ak(8) (D) + {IIUt( l2llut, )2 + lue(t, )2, [Jult, )Ilz,rl}-

Denote by v = 2/« so that v > 1. By Young’s inequality
Z(t)* <407! [max{kk'(t),l}]a{ () + llue(t, )5 + [lult, )ll5"

(3.22) ,
et Ig, + g, VIS, |-
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In order to estimate the right hand side of ([.22), first note that L(Q) — L2(£2)

continuously being ¢ > 2, and so, by (ZI0);, we get for all ¢ € T
(3.23) lu(t, 5" < pn()* @D/24u(t, )13
< T () I .

Consider the relation
F<24+1<(1+1/n)(z+n),

which holds for all z > 0, £ € [0,1], n > 0. Take z = ||u(t, )||§‘”F/1, &€ =2/av and
n = J, so that

lu(t, )I3r, < (14 1/58) (5 + [[ult, )55,) < (1+1/56) (A () + |lult, 5%, )-

By Proposition 211 82) and B3] we have
lult, e, < ()220 ut, )|l or, < €lult, )l I Dult, )3,

with € given in ([B.8). Raising both sides of the last relation to the power av’
and then using Young’s inequality with exponents o1 = ¢/(1 — s)ar’ and o9 =
q/lg — (1 — s)ar'], we get

(3.24) (e, g, < € (lhutt, )1+ | Dut, ) 272

This is possible, since o1 > 1 and o2 > 1. Indeed, s € (0,1) and ¢ > av’ by (B19),
being

L_v-1_1 1 1 1
o' av a2 2 T q

We claim that

(3.25) sav oy < p.

Relation ([B.27]) is equivalent to

(3.26) av' < pq/[s(q —p) +p]-

Since av = 2, the function a’ = 2a/(2 — ) is strictly increasing in the variable
a. Now a =1/(1 —r) and r <7 by (819), so that

2 2
o < _ Pgp

1=2r  pa(p —2)+2sp(q—p) + 2pp
Hence, to prove ([3.20) it is sufficient to show that
20 < 1
pa(p —2) + 2sp(q —p) +2pp ~ s(g—p) +p’

which clearly holds, being o > 2. Therefore, the claim (23] is true and from
B24) we get

e, )55, < € (lult, )13 + 1Du(t, ) 1) .

by (@I6), where C = €* max{1, (c1/€,)** 727 P} = € (¢,/€,)** 7> P > 1 is
exactly the positive number given in [8.8). Consequently, by BI8) and [B23) it
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follows
Z(6)* < 427" fmax{Ne(t), 11)* {Jlue(t, )3 + llus(t, )3,
+(cwf+CH e} *wma” @272 Ju(t, )14 + €| Du(t, |12}
<407 [max{ww ()/ko})® {luats I3 + llue(t, ) r,
+ (coo/1p + €+ &8 (Q)™ @D/ ju(t, )2 4 Cl|Dut, 1}
bemg k(t) > ko > 0 for a.a. t € I. Since A > 1/kg by assumption, taking

)
=4°"Yeo /P +C+ c?y T, ()27 (472)/24) e obtain
(3~27) Z ()™ < B(0]* {Ilue(t, )13 + [lue(t, )30, + lult, )E + [[Dult, )5} -
Combining the last relatlon with 321), we have
C
W20 > (D)
In conclusion, for a.a. t € [
B)\1+0
(3.28) Z(t)? > - . = (1),
BNHOZ 70— 0C [ k()= (+0dr
where 2y = 2°(0). Therefore, ®(t) /0o as t ' Ty, where Ty is defined in (BI2)
and the constant IC given in (BII)) is obtained as K = B/C. Hence % cannot be
continued after T, that is u cannot be global and T < Ty, as required. (Il

REMARK 3.2. (i) The request A > 2[(ug,u1) + <u0,u1>p1]*/k‘0%1/(1+9) in
(BI1)) guarantees that 25 > 0, in the more subtle case (ug, u1) + (uo, u1)r, < 0. In
the literature, when the initial data ug and u; are such that (ug,u1) > 0, they are
called cooperative. In this context we generalize this notion, saying that ug and u,
are cooperative up to the boundary if (ug,u1) > 0 and (ug, u1)r, > 0. If up and uy
are cooperative up to the boundary then 25 > 0, being A > 0 by [BI1]), and in this
case condition ([BI1]) on A simply reduces to

@1 (Coo/0)" T 1
A= =\
max{ (1 — 'I’)em//m ) k()

(47) If either Eu(0) > 0 or Eu(0) < 0 and o > ~yp, then we can take
q[Eu(0)]™
&} € (0, =p)

Wo
in (3II). In condition (6.4) of [4], a similar request on &g, with 2 in place of p,
was made in order to obtain a priori estimates for polyharmonic Kirchhoff systems
under homogeneous Dirichlet boundary conditions. However, in [4] the possibility

€9 = q — 27 was allowed, while here we strongly need 9 < ¢ — yp, as stressed in
the proof of Theorem .11

(#91) Theorem B does not guarantee finite time blow up of solutions. However,
global non—existence occurs by the blow up of natural norms, when either 7' = Tj
or lim;_,7- Z(t) = oo, as it will be shown in the corollary below.

Eo—min{q—o,q—w—

COROLLARY 3.3. Under the assumptions of Theorem[31l, if either lim,_,p— Z(t)
=o0 orT =Ty, then

(3.29) lim ||Du(t,-), = co.
t—T—
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ProOF. The proof of Theorem [B.1] can be repeated word by word. Hence, by

B2]) we get lim;_,p- Z(t) = oo in both cases. Now, relations (ZI0), BI3) and
(B)—(4¢) imply that for all t € T

0<Hp < A (O<[Eu(0)]" —Bu(t) < [Eu(0)]" =5 ([lue(t I3 + ue(t, )3 r, ) +F u(t).
Hence, by Lemma [Z3}-(i7) and (Z71)
llue(t, )3 + lue(t, )3 r, < 2([Bw(0)]" + Fu(t)) < 2(Eo + Fu(t))

< 2z <
vp
Using also ([Z2) and (m) we get
Z(0)° < BORO)" {27u(t) + 280 + ult, )3 + [ Dullp} < AIDu(t, )5

where o and B are the positive constants introduced in the proof of Theorem [B.1]

2Cs0

—p I llG:

2 - q—p
and A = B[Ak(T)]~ { (C— + 1) <l + (&> } > 0 is obtained by the mono-
p a1

tonicity of k, being T' < Ty < co. Therefore,
[Du(t,)|If = A= 2 (t)7,
and so lim; .- || Du(t, )|, = oo, as claimed. O

Of course there exists lim;_,p- 2°(t) < oo by B22) and B2]). If lim;_,,— Z(t)
is infinite, a case which occurs when T' = Ty, then ([B29)) is valid as shown in Corol-
lary B3l While, if lim; ;- Z(t) = 27 < oo, so that T' < T by Corollary B3] it
could happen that limsup,_,;- |[Du(t,-)||, < 0o, as explained in Remark B.2-(é:1).
In this case, or even when liminf, .- ||Du(t, )|, is finite, we get lim; ,p- J2(t) <
0o. Otherwise, by the definition of J# there exists lim;_,— J7(t) = oo and so
lim; .- |lu(t,-)|lq = oo by BI8). This is clearly impossible by the Sobolev imbed-
ding, being ¢ subcritical by (ZX). Therefore, the main dynamical part Zu of the
damped system, the so called damping rate, is actually in L'(I), I = [0,T), and
this means that the total damping over the entire time interval I is finite.

In the next Corollary 3.4l we give simpler expressions for Ty, when the damping
Q is of special type. We assume all the structural hypothesis stated at the beginning
of the Section, except for the existence of the auxiliary function k satisfying (3.5)
and ([B6). The proof of Corollary B4 will consist essentially in finding such a
function. To this aim, we somehow follow the proof of Proposition 4.1 of [4],
writing all the steps for more clarity.

COROLLARY 3.4. Given 8 > 1, 0 < s < m — 1 and 61, d defined in B,
suppose that

S ()Y M= L5, ()Y ) < (1 4+ 1)/ ™Y forallt € 1.
If BIQ) holds then T < Ty with

146
%:@07 if s5=0 or s=m—1, 0<60<4y,

0
To=19co0 _1, if 0<s<m-—1, 0=(m—1-s)/s,

MmO+ 1™ =1, if0<s<m—1, 6<(m—1-s)/s,
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where m = [m —1—s(1+6)]/(m—1) >0 being 6 < (m —1—s)/s, and A\, K and
Z are the positive constants defined in (B11]).

PROOF. First we need to find a function k& € W) (RF), k > 0, ¥ > 0 and a

ocC

positive number 6 satisfying [3.5) and (B.6). Define for all t € R7

AL+ =D if0<s<m—1,

k(t) =
®) R, ifs=m—1.

In both the cases k € I/Vll’l(Rar), k> 0,k >0 and [33) holds.

ocC

Moreover, if s = 0 or s = m — 1, then ([B.6]) holds taking any 6 € (0, 6], with
0o as in (1), and the value 0 = 6 is optimal. While, if 0 < s < m — 1, then (3.0)
holds, provided that § > 0 is so small that # < min{fy, (m — 1 —s)/s}.

To conclude the proof it is enough to apply Theorem B} so that from (BI2)
we get the claim. |
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